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UNIT 1 - DIFFERENTIAL CALCULUS 


SUCCESSIVE DIFFERENTIATION 


1.1 Introduction 

Successive Differentiation is the process of differentiating a given function successively 
n times and the results of such differentiation are called successive derivatives. The 
higher order differential coefficients are of utmost importance in scientific and 
engineering applications. 

Let f(x) be a differentiable function and let its successive derivatives be denoted by 


f'(2) fF"), FM) - 


Common notations of higher order Derivatives of y = f(x) 


1“ Derivative: f' (x) or y’ or y; or - or Dy 

2 
2"* Derivative: f''(x) or y” or yz or a or D?y 
n'" Derivative: f(x) or y™ or y,, or -- or D"y 


1.2 Calculation of n™ derivative 


i. nt" Derivative of e@*> 


lays"? 
o— aettb 
= azetxtb 
i= qtetxtb 
n 


ii, n" Derivative of y = log(ax + b) 


Let y = log(ax + b) 


a 


= (ax+b) 
2 = (ax+b)2 
2! a3 


¥3 = (ax+b) 


_, n-7 GEDa" 
Yn = ( 1) (ax+b)" 
iii. n”" Derivative of (ax + b)”™ 
Case 1: When ™m is a positive integer i.e, whenm >0,min 
Let y = (ax + b)™ 


yy = ma(ax +b)™* 
Yo = m(m-— 1)a?(ax + by”? 


y; =am(m—1)(m—2)(ax+b) "> 


Yn = m(n—1)...(Cm—n+ 1l)a"(ax+b)"™” 


‘= m! a™(ax + by™" 


(m—n)! 
Case 2: When m is a negative integer i.e..whenm >0,m<n 
Put m = —p where p is a positive integer in the above result. 
D" (ax + b)™ = a™m(m — 1)(m — 2)... (m —-(n- 1)) (ax +py™" 
D" (ax + b)~? = a"™(—p)(—p — 1)(—p — 2)... (—p —(n- 1))(ax +b)? 
D" (ax +b)? =a"(-1)"(P)(pt+ I(t 2)..(p+n—1)(ax+b)P™ 
Multiply and divide by 1.2.3.... (p — 1) to the rhs of above equation 


Then D"(ax +b)? = ere a" (ax + b)~?-" 


Change p to m we get 


n —m — (_4)\n(m=ntD! on -m-n 
D"(ax + b)-™ = (-1) aa (ax + b) 


iv. n" Derivative of y = sin(ax + b) 
Let y = sin(ax + b) 
y, = acos(ax+b)=a sin (ax +b +=) 
y2 = a’cos (ax +b +=) =a’ sin (ax +b +<) 
no . ng 
Yn = a sin (ax +b+ =) 


Similarly if y = cos(ax + b) 


Yn = a” cos (ax +b +=) 


v. n" Derivative of y = e“sin(ax + b) 


Let y=e*sin(bx +c) 
y, = ae™sin(bx + c) + eb cos(bx +c) 
e*™ [asin(bx +c) + b cos(bx + c)] 
e* [r cosa sin(bx + c) + r sina cos(bx + c)] 
Putting a=rcosa, b=rsina 
e™ yr sin(bx +c +a) 


Similaly y, =e r? sin(bx +ct+ 2a) 


Yn, =e r” sin(bx +c +na@) 
; : b 
where r* = a? + b? and tana = = 


Similarly if y = e“cos (ax + b) 
Yy =e™ xr” cos (bx +¢+na) 


n i 
= e™ (a2 ry b?)j2 cos (bx +c+ntan 12) 


Summary of Results 


Function n™ derivative 
eaxtb qrettb 
__4y\n-1 (2-1)! a" 
log(ax = b) ( 1) (ax+b)" 
m! a" (ax rs b)™ n 
Ge=m1)} when m>Oandm>n 
(ax + b)™ 
0 when 0<m<n 
(m-—n+1)! 
(ax + b)-™ (—1)" ————_ a™(ax + b)"™™ 
(m — 1)! 
sin(ax + b) a” sin (ax + b+ — 
n nw 
cos(ax +B) a” cos (ax +b+ “) 
. : Be a -1b 
e“sin(ax + b) e™ (qa? + b?)2 sin (bx +c+ntan 12) 
las 1b 
e™ cos (ax + b) e* (aq? +b)? cos (bx +c+ntan?! ) 
Example 1 Find the n“ derivative of ——. 
1—-Sx+6x2 
1 
Solution: Let y = a 
Resolving into partial fractions 
ee a eee 
Y=Tosxtex®?  (@-3x)G-2x) 1-3x 1-2, 
wag <x BESMCURe 2am 


> Y, = (—1)"*1 n! (a 7 (=) 


Example 2 Find the n™ derivative of sin6x cos4x 
Solution: Lety = sin6x cos4x 
1 . 
7 (sinl0 x + cos2 x) 


nit 


~V_= =[10" sin (10x +~) + 2" cos (2x +%)| 


Example 3 Find n™ derivative of sin?xcos*x 


Solution: Let y= sin’xcos*x 


= sin®xcos?x cosx 


4. 1 

- sin?2x cosx = > (1 — cos4x)cosx 
1 

==cosx — 3 cos4x cosx 


1 
8 
1 1 

3 Cosx — = (cos3x + cos5x) 


1 
=<, (2cosx — cos3x — cos5x) 


“Vy, = =[2c0s (x + = — 3"cos (3x + =) — 5"cos (sx + )| 


Example 4 Find the n‘” derivative of sin*x 
Solution: Let y = sin*x = (sin?x)? 


2 
= (=2 sin?x) 
2 

<(a — cos 2x)? 
a: 4 2 
=F [1 2cos2x + : (2cos 2x)| 
=|1 — 2cos2x +=(1 + cos4x)| 
~~ cos2x + + cos4x 

8 2 8 


F > lon nr Ayn nr 
“Vn = = 2"cos (2x + =) +24 cos (4x + = 


Example 5 Find the n™ derivative of e**cosx sin? 2x 
Solution: Let y = e**cosx sin*2x 


Now cos x sin?2x = - (cos x - cos x cos 4x) 
+ sin?2x =<(1- cos 4x) 
= *(cos x- = (cos 5x + cos 3x) 
a y = e*maerce*2r= =e**cos x —=e**cos 5x — ~e**cos 3x 
oe (9+ 1)? cos (x +ntan? =) - 6° (9+ 25)2 cos (sx +n tan“) 
—=e* (9+ 9)r cos (3x +n tan-*=) 


1 ag gn ait ee 15 
im 102 cos (x + ntan =) —*e3 342 cos (5x +n tan =) 


“Yn 


n 
—2e3 182 cos(3x + ntan! 1) 


1 
Example 6 Ify = sinax + cosax prove that y, = a"[1+(—1)"sin 2ax ]2 
Solution: y = sinax + cosax 


2 ¥e =a" [sin (ax + “) + cos (ax 7 =)| 


i 
= at [{sin (ox + #2) + c0s(ax + #)}T 
1 
nr 


=a" |sin2 a 2 ae a mw) 
a [sin (ax + z) + c0s (ax + = ) + 2sin (ax i 7) .cos (ax + “)| 
=a"[1+ sin(2ax + nm)]2 
1 
=a"[1+ sin 2ax cos nm + cos 2ax sin nz }2 


2 
=a"({1+(—-1)"sin2ax ]2. + cosnm = (—1)" and sinnz = 0 


Example 7 Find the n“" derivative of tan! = 


Solution: Let y = tan + 


dy 
= — —_— > os 
V1 dx a(1+35) x2+a2 0 -x2-(ai)? 


a a 


= a = “( a... ) 
(x+ai)(x-ai) 2ai \ x-ai xtai 


= ~ ( 1 1 ) 
2i \ x-ai xt+ai 


Differentiating above (n — 1) times w.r.t. x, we get 


_ 2 fe? *n-1) a 
Yn = Fi (x-ai)” (x+ai)” 

: * oe 
Substituting x = r cos@, a =r sin@ such that 6 = tan “= 


- = ee 1 ~ 1 ] 
Yn = 2i r®(cos@-isin@)" r®(cos @+isin@)” 
(-—1)""4(n—-1)! F a —n ‘ = —n 
= TS ACees 8 —isin@)" —(cos@ +i sin#) "] 


Using De Moivre’s theorem, we get 
_ (-1)""1(n-1)! 
Yn = 2ir” 
_ (-2)""2(@n-1)! 
= yn 
— Ey" *n-1)! 
= —% 
(sna) 
-1 n-1 -1)! . . a 
= —_— sinn@ sin" 6 where 6 = tan seo 


[cos n6 + isinné — cosné + isinné] 
sinné 


sin n@ se=ur'sind 


1 


Example 8 Find the n“” derivative of > 
1t+xt+x 


Solution: Let y = 
14+x4+x2 

—1+iv3 = 

=——_—_— whee w= —— and w? = —— 
(x-—w)(x-w?) 2 2 


Resolving into partial fractions 
_, @ jf 4 
i w—-w?2 ( x-w ae 
__iff 1 1 \_-if_1 1 
~ INS ——- — ~ V3 —- al 


Differentiating n times w.r.t. , we get 


- =i (-1)"n! = (-1)"n! | 
n™~ 3 (x—w)"41 (x—-w2)nt1 
_ ta! 


ee = | 
V3 (x-w)"41 (x—w2)n+1 


_ i(-1)"*2n! 1 1 
a n+i n+1 
a (a 
> a 4 a & 
_ a 1 1 | 
ee 
v3 (2x+1-iv3) (2x+1+iv3) 


e] 


v3 


2x+1 


Substituting 2x + 1 =r cos@, V3 =r sin@ such that @ = tan“? 
; o9nti1 (_ t+1y1 
er a [(cose — isind)~@*» — (cos@ + isind)-™*»] 
Using De Moivre’s theorem, we get 


i gnti (- 1)"* in! 


sai [cos(n + 1)@ + i sin(n + 1)@ — cos(n + 1)0 + isin(n + 1)6] 


Yn = 
= 
\3 (Jaa) 
: 73 =r sin 

Pte nt 4. . ae 

= — —_ 2i sin(n + 1) sin™**@ 
(v3) 

(-2 N+2n1 : : - V3 

= or sin(n + 1)@ sin"*!@ where @ = tan™! a 


2 
Example 9 If y =x+tanx, show that cos? x4 — 2y+2x=0 
Solution: y=x+tanx 
> _ = 1+ sec? x 


d?y 2 
oa 2secx (secx tanx) = 2 sec* xtanx 


2 
cos? x — 2y + 2x = 2cos? x sec? x tanx — 2(x + tanx) + 2x 
2tanx — 2x — 2tanx + 2x 
=0 


Example 10 If y = log(x +vVx2 + 1). show that (1 + x?) <¥ + x2=0 


dx 
Solution: y = log(x + vx? +1) 
x 
dy _ ‘ 1+x2 1 


23 —_— = SOS 


dx x+Vitx2 Vitx 
=> (v1+ x? -- = 
Differentiating both sides w.r.t. x , we get 
Tay ee gt 
(vVi+x = = =0 


2 
=(1 +x?) x2%=0 


1.2 LEIBNITZ'S THEOREM 


If u and v are functions of x such that their n"derivatives exist, then the n“" derivative 
of their product is given by 


(UV)_ = U_Ut Ne, Un_y Vy + Ne Up_z Vz +--+ NE Up_y V, +7 + UV, 


where u,- and v,. represent r‘" derivatives of u and v respectively. 


Example11 Find the n“" derivative of x log x 


Solution: Letu = logx andv = x 
Thenu, = (-1)"-7 > andu,_, =(- LO lias = = 


By Leibnitz’s theorem, we have 
(UV)_ = UAVt Ng, Un—-1 Vy + Ne Uj—2 Ve Fo + NG, Un—y Vy Ho F UY, 


> (wlogx )y = (-1)" +x + n(-1"? 2 +0 


=(-' > 


a 


7c 2)! 
Y+ n(-1)"" — 


(-1)"? SS [-(n- 1) +n] 
= (-1)""2 on 


Example 12 Find the n‘ derivative of x?e** sin 4x 


Solution: Let u = e?* sin4x and v = x? 
3x 565 4 
Then u,, = e** 252 sin (4x +ntan* “) 
. al 
= e** 5" sin (4x +ntan 12) 
By Leibnitz’s theorem, we have 
(uv), = Uguvt+ Ne, Un—1 Vy F Ney Un—2 Vz FoF NG Up—y Vp Fee F UV, 
Sx. 3x 3 
= (xe sin 4x a = ¢e° 5” win (4x +ntan *) 


2nxe** 5""* sin (4x + (n— 1) tan“ *) + 


n(n — 1)e**5"~ sin (4x + (n—2)tan™ ) +0 
=e [x? sin (4x +ntan “14) + 
= sin (4x + (n-—1) tant) + —— » sin (4x + (n—2)tan™ 15) 

Example 13 If y = acos(log x) + b sin(log x), show that 
x7 nso + (2n + 1)xYper + 2(N + 1) yn =0 
Solution: Here y = acos(logx) + b sin (log x) 

>y,= sin (log x) + *cos (logx) 

>xy, = —asin(logx) + b cos(logx) 

Differentiating both sides w.r.t. x , we get 
XVo + yy = == cos(logx) + = sin(logx) 
=x? y, +xy, = —{acos(logx) + b sin(logx)} 


ay 


>x*y, +xy, + y=0 


Using Leibnitz’s theorem, we get 


(Yn+2X? + Me, Yn+12X + N¢,Yn-2) + (Yn4aX + NeYns1) + Yn = 0 
> Yns2x? + Ynsr2nx + n(n — 1)yq + YnsiX + Yq + Yn = 0 
> x7 Ynep + (2n + 1)xYns1 + (n? + 1)y_ = 0 
Example 14__ If y = log (x + V1 +x”) 
Prove that (1+ x7)yny2 + (2n + Dxynsy +07 yn = 0 


Solution: y= log(x+v1+x? 


1 


1 1 
291 = seer (1 + apex) = ges 


> (1+x?)y? = 1 
Differentiating both sides w.r.t. x, we get 


(1 + x7)2y,y. + 2xy,? = 0 

=> (1+x7)y, + xy, =0 

Using Leibnitz’s theorem 

Lyn+2(1 + x”) + 1¢,¥n412X + 1¢,Yn- 2] + (Yn+1X + Mc,Yn- 1) = 0 
> Yne2(1 + x?) + Ynar2nx + n(n — Lyn + YnaiX + NY_ = 0 
> (1427 )yns2 + (2n + Dxyner + ?yq = 0 


Example 15 If y = sin (m sin™!x), show that 
(1 — x7) yno2 = (2n + 1) xyys, + (n? — m*)y,. Also find y, (0) 


Solution: Here y = sin(m sin™!x) cv 
yy = Fs cos(m ie) @ 


=> (1 —x?)y,? = m?cos?(m sin™4x) 
> (1 —x?)y,? = m*[1 — sin?(m sin“!x)] 
=> (1 — x”)y,? =m?(1 — y?)......@ 
=> (1- x?)y,? + m?y? = m? 
Differentiating w.r.t. x, we get 


(1 — x?)2y1y2 + yx?(—2x) + m*2yy, 0 


=> (1-x?)y, — xy, + m’y =0 


Using Leibnitz’s theorem, we get 


DYn+2Q r x?) + Ne, Yn+1(—2x) + Ne, Yn(-2)] ~ (Yn+1X + Ne Yn 1) + myn =0 


[yn+2(1 — x?) + ne, Yn+1(—2x) + Me, Yn(—2)] — (Ynsax* + Re,Yn1) +m? yy = 0 
= Yn+2(1 — x7) — Ynsr2nx — n(n — Ly — OnsrX + Yq) + m7yq = 0 
> (1 — x?) yng. = (2n + I)XYn41 + (n? — m?)y,......© 
Putting x = 0in@, Qand @ 
y(0) = 0,y,(0) = mand y2(0) = 0 
Putting x = 0 in@ 
Yn+2(0) = (n? — m?)y,(0) 


Putting n = 1,2,3...... in the above equation, we get 


y3(0) = (1? — m?)y, (0) 
=(17-—m?)m = y, (0) =m 
ya(0) = (22 — m2)y2(0) 
=0 : y9(0) = 0 
ys(0) = (3” — m?) y,(0) 


=m(1? — m?)(3? — m?) 
2 0, if nis even 
> y(0) = ate — m?)(3? — m?) ... [(n — 2)?) — m?] ,if nis odd 


Example 16 If y = e”**" “*, show that 
(1 — x7) ¥ne2 — (2n + 1) x¥n41 — (n? + m?)y, = 0. Also find y, (0). 


Solution: Here y= e™" '* |. @ 


a m sin7*x 
“a V1-x? ' 
my 
a: 


=> (1 — x?)y,? =m? y? 

Differentiating above equation w.r.t. x , we get 
(1—x?)2y1y2 + 1"(-2x) = m?2yy, 

=> (1-—x?)y,-—xy,-m’y=0 ...... @) 


Differentiating above equation n times w.r.t.x using Leibnitz’s theorem, we get 


[yn+2(1 — x7) + ¢,Yne1(—2x) + Ne, Yn(—2)] — (Yn+1X + ¢,Yn1) — myn = 0 
= Yne2(1 — x”) — Yn4i2nx — n(n — Dyn — (Yns1X + NYn) — M7 y¥_ = 0 
=> (1 —x?)ynyo — (2n + 1) xyny — (n? + m?)y, = 0......0 
Tofind y,, (0): Puttingx = Oin@, @and @ 
y(0) = 1, y,(0) = mand y,(0) = m? 
Also putting x = 0 in, we get 
Yn+2(0) = (n? + m?)y,,(0) 


Putting n = 1,2,3 ... in the above equation, we get 


y3(0) = (1? + m*)y, (0) 


=(1? + m?)m : y,(0) =m 
y4(0) = (2? + m?)y2(0) 
= m2(2? + m?) ~'y(0) = mn" 


ys(0) = ( + m?) y,(0) 


= m(1? + m?)(3? + m?) 


m?(2? + m?)...[(n — 2)? + m?] , if nis even 


a ES bn? + m*)(3? +m?) ...[(n — 2)? + m?], if nis odd 


Example 17 If y = tan ‘x , show that 
(1 — x? )yngo + 2(n + L)xYn41 + n(n + 1)y, = 0. Also find y,,(0) 


Solution: Here y = tan “'x.....) 


1 
ay =ay «....® 
_ =ae 
v2 = 1+x? 


Differentiating equation (3) n times w.rt. x using Leibnitz's theorem 
[yn+2(1 + x7) + ne, Yn+1(2x) + Ne, Yn(2)] + 2(Yn4iX + Nc,Yn1) = 0 
> Yn+a(1 + x7) + Ynsr2nx + n(n — 1)¥q_ + 2VnsiX + NYn) = 0 
=> (14 x7 )ynoo + 2(n + Dyna, + n(n + Dy, = 0......M 
Tofind y,(0):Puttingx = 0in@, @and @, we get 
y(0) = 0,y,(0) = 1 and y,(0) = 0 


10 


Also putting x = 0 in @, we get 
Yn+2(0) = —n(n + 1)y,(0) 


Putting n = 1,2,3 ... in the above equation, we get 


y3(0) = —1(2)y, (0) 


=-2 + y,(0) =1 
y4(0) = —2(3)y2(0) 
= 0 “ y(0) = 0 
ys(0) = —3(4)y,(0) 
=—3(4)(—2) = 4! 


y6(0) = —4(5)y4(0) = 0 
y7(0) = —5(6)ys(0) = —5(6)4! = —(6!) 
=>  Yon+1(0) = (-1)"(2n)! and yn (0) = 0 


Example18 —_If y = (sin *x)?, show that 
(1 — x”) yasg — (2n + 1)xYpe1 — n? yy, = 0. Also find y,(0) 


Solution: Here y = (sin™4x)?.....0 
_ Pa | 1 
>y, = 2sin oe @ 


Squaring both the sides, we get 
(1 — x?)y,? = 4 (sin-1x)? 
= (1— x’)? = 4 (y)? 
Differentiating the above equation w.r.t. x, we get 
(1 —x?)2yy2 + ¥17(-2x) — 4y, = 0 
> (1-x7)y,+yy(—x)-2=0 2... 6) 
Differentiating the above equation n times w.r.t. x using Leibnitz’s theorem, we get 
[yn+2(1 — x?) + N¢,¥n+1(—2x) + Ne, Yn(—2)] — (Yn41X + Me,Yn1) = 0 
=> Yn+2(1 — x?) — Yaa, 2nx — n(n —1)y_ — (YnsiX + NY_) = 0 
=> (1 — x?) yneg — (2n + 1I)XYn41 — Yan? = 0...... ® 


Tofind y,,(0): Puttingx = 0in@, Qand @), we get 
y(0) = 0,y,(0) = Oand y,(0) = 2 


11 


Also putting x = 0 in @, we get 
Yn+2(0) = n* yp (0) 
Putting n = 1,2,3 ... in the above equation, we get 
y3(0) = 1’y,(0) 
=0  y,(0) = 0 
ys(0) = 2?y,(0) 
= 272 * y2(0) =2 
ys(0) = 3?y3(0)=0 
¥6(0) = 47y,(0) = 47272 


0, if nis odd 
> yn (0) = B caas De ceansies (n = 2)" F if nis even 


Angle of intersection of two Curves 


Let y = £ (x) and y = g (x) be two given intersecting curves. Angle of intersection of these curves is 
defined as the acute angle between the tangents that can be drawn to the given curves at the point 


of intersection. 
Let (X;, yi) be the point of intersection 


Slope of the tangent drawn to the curve y = f (x) at (x, yi) 


df(zx) 


dz (21.m1) 


i.e. m = 


Similarly slope of the tangent drawn to the curve y = g(x) at (x, y:) 


dx (21,%) 


The angle of intersection between two curves = The angle of intersection between the 
tangents to these curves. Therefore If a@ is the acute angle of intersection between two curves, 
m,-™M?2 
1+m,m 2 


=] 


then a =tan 


12 


PROBLEMS: 
1. For the curves x? =4y and y?=4x, find the angle of intersection. 
Solution: 
To find the point of intersection of the curves, solve the equation x*=4y andy?=4x. 
Consider the curve x*=4y. 
On squaring both sides of the equation, we have 


x* = 16y” = x* = 16(4x) => x*-64x=0 = x(x?-—64)=0 


=x=0 or 

x? — 64 = 0 = x*=64 = x=4, 
The corresponding values of y are: 
x=0= y?=4(0) = y=-0 


x=4—> y? =4(4) = y?=16 =y=4. 


The points of intersection are (0,0) and (4.4) . 


(i) Consider the point (4.4). 
To find m,, consider the curve x? = 4y. 
On differentiating, we get 

dy x 


2x dx= 4dy dx 2 == (1) 


my is the value of at the point (4.4), that is, : = 2. 


To find m,. consider the curvey? = 4x. 
Ondifferentiating, we get 
2) 


Myis the value of at the point (4.4). that is = : 


We know that, the angle between the two straight lines y=m)x+c; and y=mx+e> is 
tan! [a ) 


l+mym2 
2 2 2 3 1 
. m4—m2 oy | = i 
At the point (4.4).tan@ == =—+;= =x- 
E ( ) 1+mym?2 1+2x 2 ay 


— tang =< =—+@ = tan (-). 

(ii) Consider the point (0, 0). 

m,is obtained by substituting (0, 0) in (1). 

i.e..m, = = 0=—> tand@=0 = @= tan—!(0) =0 

mis obtained by substituting (0, 0) in (2) 

1.e€., Mz = - = o=tand=a = @= tan!(c) = = 

Therefore. the values of y for the two curves are 0 and- 

Hence the angle of intersection is. 

That is, the curves cut orthogonally. 

2. Find the angle at which the curves (1)x?=ay and (2)x? + y? = 3axy cut eah other. 


Solution: 


Substituting the value of y from x? = ay in x? + y? = 3axy 


=x? =ay=> — 
On substituting the value of y in x? + y? = 3axy, we have 


2\3 2 5 s 5 
3 l « 3 al 3 = 3 x 3 
=>x?+/— = 3ax|— =>xXx t= 3x = — = 25 == 2s 
a a a a a 


x2 
——2)=0 
= x?=0 or (= ) 


2 
=> x=0 or x8=2a? = x=(2)3 az 


On substituting these values of x in x? = ay. we have y=0 or y=a (4)3 
1 1 
Hence, the curve cut at the points (0.0) and {a(2)> ,a (43}. 


On differentiating x? = ay . we get. 
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dy 2x 


2x dx =ady. = 2x=a% => ‘ 
dx dx a 


On differentiating x7 + y? — 3axy = 0. we get. 
3x*dx + 3y* dy — 3ax dy — 3aydy = 0 
=> 3y? dy — 3ax dy = 3aydy — 3x*dx 
= dy(3y* — 3ax)=(3ay-3x7) dx 
= dy(y? — ax)=(ay-x?)dx 


dy _ay-x 2 


dx y?-ax’ 


s dy i 1 ‘ 4 
(i) The value of _ {a(2)3 ,a(4)3 }for the curve is 23 
and for the second curve at the same point is 0. 

* tan@ = 23 = @=tan™ {2 (25)} 

(ii) The value of < at (0.0) for both of the two curves is 0 
That is, the two curves touch at the origin, y=0. 


That is, the tangent is common to both the curves. 


3. Find the condition that the curves at ax*+by*=1, a,x*+b,y? =1shall cut 
orthogonally. 


Solution: 
Let the curves intersect at the point whose co-ordinates are (x, , ;) 
sax} + by? — 1 =O and a,x? + bjy? -1=0 


i y? — 1 sift) 


by—b a—a, aby—ayb 


On differentiating the equations of the curve, we get 


dy _ dy ax 

2ax + aby 9 = ax by 
a a: Ll 
2a,x + 2b,y oe Sr = 


The gradients of the tangents of the two curves at the points of intersection are: 


ax} a 4X} 


by,’ biys 
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These curves cut each other orthogonally. 


Then, we know that, 


2 2 
ax, —a4x aa,x x b 
byi biyi bbiyi yi aaj} 
; - by—b 
But the value of a from (1) is —— 
yi a—a\ 
by—b bby by—b _ ay-a 1 1 1 1 1 1 1 1 
eee Se = Ke ei 9 Se 
a—-ay, aay bby aay b by a ay Qa b ay by 


LENGTHS OF TANGENT, NORMAL, SUBTANGENT AND SUB NORMAL 


Let y = f (x) be the curve that is differentiable at a point P. Let the tangent and normal at P(x, y) to the curve meet 
at the x-axis at points T and N. M is the projection of P on the x-axis. In the figure below, 


e PT is the length of the tangent 


e PN is the length of the normal 
e TM is the length of subtangent 
e MN is the length of the subnormal 


Let ZPTN = @ andZMPN = @ 


Then PM = y, tan0d= a , cotd = 


y dx 
dx 


dy 


Now length of the tangent PT = |ycosec6| = |y|v1+ cot?6 


- wifa+(@) = fel r+) 
Length of the tangent =|y|_/1 + (2) = ® 1+ (2y 
dx. 


2 
Now length of the normal PN = |ysec@| = |y|v1+ tan? = |y| I1 +4 (2) 


2 
. Length of the normal = |y|./1+ (2) 


y 


Now length of the sub tangent TM = |ycot6| = bs 


Length of the sub tangent = ly | = 


Now length of the sub normal MN = |y tan 6| = y= 


dy 
dx 


Length of the sub normal = ly 


Formulae: 


2 
Length of the tangent =|y|_/1 + (=) ~ |(@) 


2 
Length of the normal = |y|./1 + (2) 


Length of the sub tangent = bs = 


Length of the sub normal = y= 
Problems 


1.Show that, in the parabola y* = 4ax, the subtangent at any point is double the abscissa and 
the subnormal is constant. 


Proof: 


Differentiating the equation of the parabola,y? = 4ax. we have 


dy 4a 2a 


2ydy = 4adx =>—=—=-—. 
dx 2y y 
y y y? 
The subtangent= z- = 37 = a = 2x 
ax y ‘ 


= double the abscissa 


dy 2a 
The subnormal= y co “a 2a (constant) 
x y 
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2. Show that the length of sub-normal at any point on the curve xy = a? varies as 
the cube of the ordinate of the point. 


2 


Proof: Equation of the curveis xy = a? > y= — 
Differentiati rtex t@= = 
ifferentiating w.r.t. x we get — = ——5 
h of the sub \=|y2| =|y(-")| =». A= ay? 
Length of the sub normal = y2| = ly(-5) = jy. = a‘y 


Thus the length of sub-normal at any point on the curve xy = a? varies as the cube of the ordinate 
3. Show that at any point (x, y) on the curve y = be*’?, the length of the sub- 


2 
tangent is constant and the length of the sub-normal is , 


. , : ¢/ dy / | y 
Equation of the curve is y=be*!? = —=pbe*/3-=2 


Length of the sub tangent = | y * = 


=—>+—- = a= constant 


d 
Length of the sub normal = | y “| 
,2/ 
=y.yla=y'/a 


Find the length of sub-tangent and sub normal at a point of the 


Xx 
curve y = b.sin—. 
a 


; ’ a x 1_b x 
Sol: Equation of the curve is y = b.sin— > de = b.cos—.— =—.cos— 


a xX aa a a 


Length of the sub tangent = | y | = 


x 
b.sin — 
a 


xX 
a.tan — 
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5. At any point t on the curve x = a (t + sin t), y = a(1 — cos t). Find the lengths of 
the tangent, normal, sub-tangent and sub-normal. 


Sol: Equation of the curve is x = a (t + sin t), y = a(1 —- cos t) 


|=) 2sin+ cost sine 
dy 2 ee 


= dt _ asint 
dx [=] a(1+cost) acos? t am 
\ dt j 2 2 
y= tan - 
ax 
Length of the tangent =|y|_/1+ (#) =|] [14+ (2 
; REMI Nay |BBINE Na 
ait 
=la(1—cost),/1+cot 3 
~ 2a.sin® + .cosec~ = a 1 =|2asin 
2 2 void 2 
a 


2 
Length of the normal = |y|,/1 + (2) 
= a(1 — cost) ja +tan?+=a (2sin “) sec+ = 2asin<tan* 
2 2 2 2 2 


Length of the sub tangent = | y | = 


a 
dy 
(@) 
a(1-cost . € t , 
= oe = 2asin- cos-= = asint 
tan, 2 2. 


Length of the sub normal = | y - 


= a(1 — cost) tan* 


6. Find the length of normal and sub-normal at a point on the 


curve y = — +e*/*) ' 


2 a x 
Sol: Equation of the curve is y = A +e - = a.cosh{ =) 
a 


=> e.. a.sinh{ = I =sinh . 
dx aja a 
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Z 
Length of the normal = |y| /4 + (=) = acosh= [1 + sinh2= = acosh=cosh~ 
dx a a a a 


= acosh?~ 
a 
d . : : 
Length of the sub normal = ly “| = acosh= sinh= = : (2cosh* sinh *) = «sinh 


THE LENGTH OF AN ARC 


Consider the following diagram 


Let P be any point (x.y) on the curve y=f(x). Let Q be a point very near P, so that the 
coordinates of Qare (x + Ax, y + Ay). 


Now, let S be the length of the are AP,where A is a fixed point on the curve. Then, s+As is 
the length of the are AQ, so that are PQ=As. 


As Ax tends to zero, Q approaches P.Then, the chord PQ and are PQ become almost 
equal. Thus, the ultimate ratio of the are PQ to the chord PQis unity.as As > 0. 


Now, from the right-angled triangle PQR, 


(chord PQ)? = (PR)? + (QR)? 


= (chord PQ)*= (Ax)? + (Ay)? 


2 \2 
) = 14 (=) [ On dividing both sides by (Ax)? ] 


(— PQ 
=> | —— 
f Ax 


Ax 


hord PQ)? (ar 2 »\? ; e : 
= (a) (—} =1+ (=) [multiplyand divide by (arc PQ)? in L.H.S] 


Taking the limits as Ax —> 0, we get 


chord PQ _ 
arc PQ 


arc PQ 
Ax 


dy 


m i ds . Ay 
Lim,, 0 1, lima,—o 7, andlimy, 0 = are 
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Sinlarly, it may be shown that(=) =1+ (*) 


NOTE: 


w is the angle between OX and the tangent at the point (x.y) 
From the figure, it easily follows that y = = 


PROBLEM: 


For the cycloidx = a(1—cos@),y = a(@ + sin@).find — 


Solution: 


Given that.x = a(1—cos@) and y = a(@+ sind) 


oi =asin0d; —=a(1+cosé) 

do 
eee ee ee 
"dx a sind 2sin (8/2) cos (8/.) — 2 


2 
s (=) =1+ cot? a, = cosec” o/, 


=> ~ = cosec(®/,). 
2. Find Sin the curve y = acosh (=) ‘ 
Solution : 
Given that. y = a cosh (=) oe) 
We know that. (= ) = =1+ a" : 
On differentiating (1), we get 
*- a (si h (-) x @)) = sinh (-) 
ce eS = { (sin h (*)) = 1+ sinh (-) = cosh? (-) 
== = cosh (=) 
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POLAR COORDINATES 


Consider the following diagram 


Ae 
oO A 


The position of a point P on a plane can be indicated by stating: 


(1) Its distance r from a fixed point ‘O’. 
(2) The inclination 6 of OP to a fixed straight line through ‘O’. 


Here, r is called the radius vector and @ the vertorial angle, O the pole and OA the initial line, 
where r and @ are called the polar coordinates of P. 


r is considered to be positive when measured away from O along the line bounding the 
vertorial angle and @ is considered to be positive when measured in the anticlock wise 
direction. 

When converting polar co-ordinates to Cartesian or vice versa, it is customary to take the 
pole as the origin and initial line as the x-axis. 


Then, the formulae for conversion are x = r cos Gandy = r sin @. 
ANGLE BETWEEN THE RADIUS VECTOR AND THE TANGENT 


Consider the following diagram. Let P, P’ be two neighbouring points on a curve. Let 
(r, 6) be the polar coordinates of P and (r + Ar, @ + A@)be the polar coordinates of P’. 


If we join P, P’ and draw PN perpendicular to OP’, we have 


PN = OPsinZPON =r sin Aé@. 
Again, PN = OP’ — ON = r+Ar-rcosA@ 
= = Ar + r(1—cos A@) 


= =Ar + 2r sin? (=). 
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Denote by @ the angle between the radius vector OP and the tangent at P. If we now 
let A6 approach the limit zero, then 


(1) The point P’ will approach P 
(2) The secant PP’ will become the tangent PT in the limiting positions. 
(3) The angle PP’N will approach ¢ as a limit. 


From the above diagram, we have 


AG sin 0 
' rsin 
Ar+2r sin “(— ar sit [> Ae 
2 = 40 
a 
sin A8 sin“® 
. = . . 46 . — 
limgeso—g- = 1. jim sin}, lim om 1 
570 
a.» OF dr 
and im 39 ~ a0 
a 
‘ ; 1 dé 
« tang = lim tanPP’O=r 7——=r— 
46-0 ag tF-1.0 dr 
PROBLEMS: 


1. Find the angle at which the radius vector cuts the curve = =1+ecos8, 


Solution 


Let @ be the angle between the radius vector and the tangent at the point at which the 
radius vector meets the curve. 


On differentiating - = 1+ecos®@ with respect to8, we get 


—l dr ‘ dr er? . 
——_—_ —_— — el 
= esin®@ 7 sin 8. 

dé 
We know that, tan@ =r oe 

rl 1 l+ecos 6 
tan ® = e sin 6.r2 7 r.e sin 8 7 e sin 6 
; : =_ —1fi+e cos 8 
. The required angle,d = tan7'(#*£=°). 


2a 


POLAR SUBTANGENT AND POLAR SUBNORMAL 


Consider the following diagram 


. 
Draw a line NT through the pole perpendicular to the radius vector of the point P on 
the curve. If PT is the tangent and PN the normal to the curve at P, then 


OT= Length of the polar sub tangent. 


ON=Length of the subnormal of the curve at P. 


a8 2 a0 


Polar subtangent= OT = OP tan® =rr = a 


Polar subnormal = ON = OPtan2OPN = OPtan (ZTPN — ZTPO) 


= w = = = = — 2 = ar 
= OP tan ("/, — 9) r cot @ — 7s = 
. 98 . dr 
Hence, Polar subtangent isr a and Polar subnormal is 


Problems: 
1. Show that in the curve rae® © “ 
(i) The polar subtangent =r tan a. 


(ii)The polar subnormal = r cot «. 


Solution 


Here, r = ae® © & 


d 

»== ae®tt=7 cota 
dé 

Hence, the polar subnormal is(rcot a) 


1 
r cota 


dé 
Also.— = 
dr 
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dé r2 
—= =r tana 
dr r cota 


Hence, the polar subtangentis (7 tan @) 


2. Show that in the curve r = a0, the polar subtangent varies as the square of the radius vector 
and the polar subnormal is constant. 


Solution; 


Given that, r= a0. 


dr 


i= a,which is constant. 


. dé 1 dé r2 
A a= eS Pres = 
ean, a . dr a 


Thus, the polar subtangent varies asther?. 
THE LENGTH OF ARC IN POLAR CO ORDINATES 


Consider the following diagram 


9 X 
Let the coordinates of a point P on the curve be (r,). 
Then, OP = r; and ZAOP=98. 
Let the coordinates of a point Q on the curve very close to P be (r + Ar,6+ A@ ). 
Then, OQ= r+Ar, ZQOA = 6+A68 and 2 POR = A@. 


Let s be the length of the arc BP, where B is a fixed point on the curve. Then, the 
length of the are BQ is s + As and the length of the are PQ is As. 


Now, PR = OP sind@ = r sindé. 
OR = OP cosA®@ = r cosA@. 
Also.QR = r+ Ar—rcosA@ = r(1— cosA0) + Ar = 2r sin? + Ar 
PQ? = PR* + RQ? 
> (rsind6)? + {2r sin? 4 Ar}? 
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2 2 

2 246 

chord Pi sinA6 2r sin Ar — =: r me P Ar 
A6 A6 Aé A8 2 A8 


Passing to the limit as A@ tends to zero, we get 


sinA® i= Ar dr sin ® 0 
— _FToO 
A@ > A dé” 


chordPQ chord PQ arc PQ ds 


“ A@ arcPQ ° A@ ae mt) 
ds\” ee . 
(a) = + (a5) 
: ds\?_ /_de\? 
In the same way, it may be shown that(=) - (r a) +1. 


It is easily seen that cos @ = “and sin@=r =. 
Problem: 
i ds ds — 
1. Find a and =a for the cardioid r = a (1+cos 8). 
Solution; 
Given that r= a (1+cos 8) 


On differentiating the above equation, we have 


dr 
= a(0-—sin@)=—asin9. 
a0 
de r _ a(1+cos 6) ~ l+cos 0 -_ 2cos? @/2 = 
Also,r. dr -a sin® > —a sin®@ a sin @ _ 2sin@/2cos@/2 cot 8/2 
2 2 
ds dé 
We know that. (=) =1+ (r=) 
dr dr 


= 1+ cot? (0/2) =cosec? 0/2. 


ds 
“= = cosec 0/2. 


We know that. (ey =r'+ () 


= a*(1+ cos@)? + a?sin?0 
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= a*(1+ cos?0 + 2 cos@) + a’sin*6 
=a” + a7(cos*6 + sin?6) + 2a” cos@ 


= a” + a? + 2a? cos = 2a7(1 + cos 8) 


2a7[2cos?(6/2)] = 4 a2cos?(0/2). 


(5) 
= | — 
dé 


> Pi 2acos ©. 
do 2 


2. Find - and ~ for the curve r= a (1-cos 8) 
Solution: 


Given that, r= a(1-cos8) > _ =asin6. 


. : dé 1—cos 0 
Consider, r.— = “2 ") 
dr asin@ 


2a sin? 0/2 


=—_—_———_- — ft fe 
2asin@/2 cos0@/2 simile 


We know that,(“) =1+ (r ie)’ 


= 1+ tan?0/2 = sec? 6/2. 
S 

a (=) = sec0/2 
r 


We know that (=) = yp? + =] 
canes ii de/ = a*(1— cos@)? + a?sin70 
=a” + a*cos’6 + a’sin’@ — 2a” cos 8 


= a? + a*(cos?0 + sin?6) — 2a? cos 0 


= 2a? — 2a? cos 0 = 2a?(1 — cos @) =4a* sin? 6/2 


* (=) = 2asin@/2. 
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UNIT - Il — Differential Calculus (Continued)— SMTA1106 


UNIT 2 


DIFFERENTIAL CALCULUS 


INTRODUCTION 


In the late seventeenth century the invention of Calculus by Newton and Leibnitz has turned 
the house of math into a metropolis. Differential geometry and curvature were natural applications 
for the calculus because they provided words to its music. More specifically, Calculus methods of 
infinitesimals and limits were the perfect tools for the problem of curvature because most curves 
have a different degree of bending at every point. The use of infinitesimals to study rates of change 
can be found in Indian Mathematics, Perhaps as early as 500 AD, when the astronomer and 
Mathematician Aryabhata (476 — 550) used infinitesimals to study the motion of the moon. The 
motivation of optics in Differential geometry yielded concept of involutes and evolutes (Huygens in 


1673) and later envelope, a representative of family of curves. 
Curvature 


Nature is too beautiful for words. Many curves in the plane and in space are simply beautiful. 
Mathematicians have developed several ways of describing them. One of the elegant method of 
describing a curve is to say that how much the curve “bends” at each point. This measure of bending 
is known by the technical word “Curvature”. In many practical problems, we are concerned with 
comparision of bending of two curves or bending of a curve at its different points, for example, is 
laying the rail tracks and calculating the maximum speed that a train can have when it turns or 


designing high ways or constructing curved focal planes of telescope. 


Fig 2.1 


For getting the idea of Curvature let us consider two curves APB and A'PB' as shown in the 


figure. The curve APB is bending more rapidly than A'PB' in the neighborhood of P. 
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In otherwords it may be said that the curvature of APB is greater than that of A'PB'. Here if 


we consider the curves of arcs of circles then it is very clear that radius of APB is lesser than that of 
A'PB'. 


5.5 


45 


Fig 2.2 


The curvature of a given curve at a particular point is the curvature of the approximating circle at the 
point. The radius of curvature of the curve is defined as the radius of the approximating circle. This 
radius changes as we move along the curve. The approximating circle is said to be circle of curvature. 


The formal definitions of above terms can be given as follows. 


Definition of Curvature 


Fig 2.3 


Let P and Q be any two close points on a plane curve. Let the arcual distances of PandQ 


measured from a fixed point A on the given curve bes and s+ As, so that PQ (The arcual length of 


PQ) is As. 


29 


Let the tangent at P and Q to the curve make angles ‘WY and ‘+ AY with a fixed line in the 
plane of the curve, say the x-axis. 


Then the angle between the tangents at P andQis AY. 
Thus for a change of As in the arcual length of the curve, the direction of the tangent to the 


curve changes by AY. 


AY 
Hence he” the average rate of bending of the curve (or average rate of change of direction 
S 


of the tangent to the curve in the arcual interval PQ) or average curvature of the arc PQ. 


limit (AY d¥ . ? ; . 
S —— | =— is the rate of bending of the curve with respect to arcual distance at P 
As > 0\ AS ds 


called the curvature of the curve at the point P and is denoted by K. 
For example, Let us find the curvature of a circle of radius at any point on it. 


Let the arcual distances of points on the circle be measured from A, the lower point of the 
circle and let the tangent at A be chosen as the x-axis. Let AP=s and let the tangent at P makes an 


angle with the x-axis 


Then s =a ACP 


=a 


or Y= = S [.. The angle between CA and CP equals the angle 


between the respective perpendicular AT and PT.] 
dy il 
ds a 
Thus the Curvature of a circle at any point on it equals the reciprocal of its radius. Equivalently, the 


radius of a circle equals the reciprocal of the curvature at any point on it. 
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Radius of curvature of a curve at any point on it is defined as the reciprocal of the curvature of 


1 ds 
the curve at that point and denoted by p Thus p = % = — 


dy 


To find K or p of a curve at any point on it, we should know the relation between s and VY for 


that curve, which is not easily derivable in most cases. 


Some Basic Results 


Let P(x, y) and Q (x +Ax, y + Ay) be any two close points on a curve y = f (x) .Let AP=s 


and AO =5s+As where A is a fixed point on the curve. Let a chord PQ make an angle 6 with the x- 


axis. 
Fig 2.5 
: R R A 
From APQR, sin@ = poset a (1) 
ChordPQ_ As Chord PQ 
where PQ = As 

= Ay As 

~ As’ Chord PQ 
and 


PR _ Chord PR As 


cos@ = ———. = ——_—.,, ——__. 
Chord PQ As Chord PQ 


=—.— (2) 
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A 
when Q approaches P chord PQ — tangent at P and hence 0— WV. Also a > 1. 


Thus in the limiting case when Q —> P, (1) and (2) becomes 


sin ‘Y ay and cos ‘¥ = — 
ds ds 
tan ¥ = Ds 
dx 


|. Formula for Radius of Curvature in Cartesian co-ordinates 


Let YY be the angle made by the tangent at any point (x, y) on the curve y= f (x) : 


hn!” () 
dx 


Differentiating both sides of (1) w.r.t x, we get 


2. 
sec2V dv = dvy 
dx di 
2. 
i.e, erro eee 
ds dx dx2 
2 
sec7'P — sec = oy. cos? = *| 
p dx ds 
: : = sec 
cos‘? 


(1+ tan?¥] > > 
= — a= (3 sec’ y =1+tan v) 
dvy 
dx 
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2 
d 2 
1+(2] 
dx 
p= by eqn (1) 
eS. 
dx 
2 
lt+y,’|2 2 
pata 1 where y, = andy, =< 
Yo dx dx 


Fig 2.6 


Note: 
This formula does not hold good where the tangent at the point (x, y) is parallel to y axis. In 


d 
that case 7 is not defined. Since the value of p is independent of the choice of axis of co-ordinates, 
Ix 


in this case we take the formula for p as 


Il. Formula for Radius of Curvature in Parametric co-ordinates 


Let the parametric equation of the curve be x= f (1) and y= g(t). 
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dy _dyldt 


Then 
dx dx/dt 
Let eee yi 
dt dt 
> ed =2 
ax ae 
d’y _ d(dy 
dx’ dx\.dx 
_ 4 (ay) at 
dt \ dx )\ dx 
(2) 
_ dt\ dx 
dx 
dt 
al] 
— atx) 
x' 
F d ' ' d ' 
xX ae ) “y dt (x 
ud t 2 t Using Quotient Rule of differention 
x x 


1 
(x'y"-y'x") 


x" 
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Examples 
1. Find the Curvature and radius of curvature of x7 + y- =25. 
Solution: 
x v =25 represents a circle of radius 5. We know that the curvature of a circle of radius 


ris — 


Hence curvature of x+y =25is : 
Also the radius of curvature is the reciprocal of the curvature 
.. Radius of curvature of the circle 
x+y =25is5. 
2. Find the radius of curvature at any point (x, y) on the curve y =clog sec(x/c). 
Solution: 
y= clog sec(x/c) 


Differentiating y w.r.t x we get 
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be. 1 
mS eng ae 


(1+ y?) 
Radius of curvature = : 
Iv" 
3 
2 
c + tan? (=) 
_ Cc 
=sec* [2 
Cc Cc 


3. Find the radius of curvature at (a, 0) of the curve xy =a- x’, 


Solution: 
Differentiating xy” =a’ —x' with respect to x we get, 


Qxyy'+ y? = 3x" 


ie —(3x? + y’) 
2xy 
At(a,0), y'=0 
—2 
Hence we find Bn ee. 
dy 3x°+y 
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Now es 5 
dy (Si + y’) 
2 
— —2 
(00). 5 ee Sur 
dy 9a 3a 
al 
2\2 
1+ mo 
dy 
dy 
id 28 
=a) 2" 
3a 
‘i , 2 3a 3a 3 3 
4. Find the radius of curvature at the point (%. *) onthe curve x +y =3axy. 
Solution: 


Differentiating ee y = 3axy with respect to x, we get 


3x7 3y° Dasa] 2s »| 


dx 
* 4 ue PLM 
dx dx 
BY oO age 
dx dx 
dy (> 2 
—|y° =ax)=ay=x 
may ) =ay 
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ce 
Shee 
dx 3 oa" 
L (y° ax)( a 2x) (ay ¥)(2y—a) 
_ x 
dx? (y?-ax) 


9a" 
16 
3a° —3a° = 
FS) ig 
9a 3a 
3 3 
(4y*P (ans _ (ov 
y 32 32 
3a 
p|=382 
16 
5. Show that for the curve y= ae ,the radius of curvature p at (x, y) related as 
at+x 
2 
ae 
a y? : x 


Solution: 


; eae ax 
The given equationis y= ; 


a 
at+x 


Differentiating y w.r.t to x, we get 
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een Ceres aac a’ -2,[-2- a 
(a+x) (a+x) ae ae: at 
,_(a+x) (0)-a(2(a+x)) 24" 
(a+x) (a+x) 
_-2y 
ax 
3 
ey)? 
p= " 
Iy"| 
4 4 3 3 
y | yx 
1+— 1+—|.—> 
(ek) (ey S$ 
as 2 
ax a 
a y? oe 
o-S(re) 5 
2 4 : 3 
Pp 14 y x 
7 _ y" 
2 3 ; 
20\3 yx y* V(x 
ea lel (RP 0 fg ee We cee epee 
(72) [125] y [2 y 
L 
3 


2 2 


2 
6. Find the radius of curvature at the point (a cos’ 6,asin° 0) onthe curve x? + y? =a’ 


Solution: 


The parametric equations of the given curve are x = acos’@ and y=asin’ 0 


Differentiating twice with respect to 0, 


t=” —3ac0s" 6(—sin 6) 
do 
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._ dy 29 
=—=3asin° 0(cos@ 
er ( ) 


2. 
i —3a(cos’ 0 +2cos@(—sin6)sin 0) 


= —3a(cos’ 0 —2cos @sin? 0) 


2 
F d Y 3a ( sin” @(-sin 6) + 2sin cos’ 8) 


aoe 


=3a(-sin’ 0 +2sin@cos* 0) 


3 
(x° + yy 
XY — yX 
3 
(9a’ cos’ @sin? 6 +9a’ sin* @cos’ 0) 


7 (3a cos’ @sin 0)(3a(2sin @ cos’ @=sin® 0)) 


+(3a sin” A(cos 0))(-3a(cos’ @—2cos Osin’ )) 


3 


(9a’ ig (sin? OA cos” a): (cos? 6+sin? 0) 
9a’ cos’ Asin* @(—(cos? 6 +sin* 0)) 


2 
2 


=3asin@cos@. 


7. Show that the radius of curvature at the point ‘@’ onthe curve x=3acos@—acos 36, 


y = 3asin 8—asin30is3asin@. 


Solution: 


Differentiating with respect to ‘6’, we get 


&=3a(-sin 0) -a(-3sin 30) 


=—3asin6+3asin30 


y =3acos 0 —a(3cos 36) 
=3acos 0-3acos 30 


dy y 3a(cos@—cos30) 


dx x 3a(sin30—sin6) 
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= ——=tan 20 
2cos 26 sin @ 
a? d dé 
V2 eanaay 22 
dx dé dx 
1 
=2sec’ 20. : 
3a (sin 30 —sin 8) 
2sec* 20 
3a(2cos 26sin 8) 
_ 2sec* 20 
6acos 26 sind 
_ sec’ 20 
3asin@ 
= 2 
(1+y?)? (I+tan? 20)? 
p= = = 3asin 0 
Ly"| sec® 20 
=3asin 0. 
EXERCISES 
Part-—A 
‘ . ; 1 1 
1. Find the radius of curvature at the point rier on the curve Vx + Jy =|]. 
2. Find the radius of curvature at x = son the curve y = 4sinx. 
3. Find the radius of curvature of y = logsinx. 
y? 
4. Show that the radius of curvature at any point of the catenary y= ccosh(x/c)is—. 
Cc 
5. Find the radius of curvature at any point of the curve x =acos@, y=asin0@. 
6. Find the radius of curvature for the curve x =at’, y = 2at. 
7. Find the radius of curvature on y =e at the point where the curve cuts the y-axis 
Part -B 
: : log x 
1. Find the radius of curvature for y= atx=1 
x 


7 2sin 20 sin 0 - 
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Find the radius of curvature at any point of the parabola ye =4ax. 


Show that the measure of curvature of the curve fir fe=1 at any point (x, y) on it is 
a 


ab 
= 


2(ax+by)2 


Find the radius of curvature of the curve oe a (x=3) at the points where the tangent is 


parallel to the x — axis 


Find the radius of curvature at 9 on the curve x= a(@-sin 0), y= a(1—cos 0) F 


For the curve x = x= a(cos@+@sin@), y =a(sin@—@cos6) prove that the radius of 


curvature is a0 
Prove that the radius of curvature at any point of the cycloid x = a(O+ sin 0), y= a(1-cos 0) 


is 4acos g 
2, 


ANSWER 


Part A 


Sl 


Al 


COSEC X 


fed) 


Part B 
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2 * (xa) 
, Ja 
1 
4. _— 
b 
5 4asin — 


CENTRE AND CIRCLE OF CURVATURE 


Fig 2.7 


Let APB be a curve y= f (x) and P be a point (x, y) on the curve y= f (x).Draw the 


tangent TP and the normal PN at P(x, y). Along PN, cut off a length PC = p, such that C and the curve 
lie on the same side of the tangent TP. Note that p is the radius of curvature of the curve at P. The 


point C is called the centre of curvature at P for the curve. 


The circle whose centre is at C and radius p is called the circle of curvature. 


Let C(x, y) be the co-ordinates of the centre of curvature of the curve at point P(x, y). 
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Then x=OC' 
= OP'—C'P' 
= OP'~PQ 


From ACPQ,sin ¥ = = 


Le,  PQ=psin¥ 
“x= x—psin PY 
3 
l+y’/2 
___| x) .sin Y 
a) 
We know that ase 5: 
dx 
. S1 
Hence sin ¥ = sY 


cos ¥ 


_tan¥ tan ¥ 
sec ¥ 1+tan? Y 


Le, sin ‘¥ = = 
fl+ y? 


cos ¥ = 


1 
sec ¥ 1+tan? Y 


tient 


- yl+ yy 


x=x-71(1+y,’) 
2 
Also y=C'C 
= P'P+OC 
=y+QC 
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from ACPQ 


cosy = 2 BE. CP =p) 
CP —p 
Le, QC = pcos ¥ 
“y=y+pcos¥ 
p 
=yt 
2 sec Y 
spe ttee 
V1+ tan? ¥ 
3 
I+ yr) 
ee ee y) > y= Y and ye 
Yo d. 
3 
y=y } (1+)? 1 
Yo Vl+y? 
(1+y/) 


where x=x-2L (14 y) 


2 


ya=yt—(I+y,) 


2 
Example 1 
Find the centre of curvature of the curve y= x —6x° +3x+1 atthe point (1-1) ; 
Solution: 
Given y = x? -6x? +3x+1 


y) =3x7 -12x +3 


Vy 371243 
=-6 
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.. Centre of curvature (x. y) = (-36, =] 


Example 2 


Find the equation of the circle of curvature of the rectangular hyperbola xy = 12 at the point 
(3, 4). 


Solution: 
Given xy = 12 


Differentiating with respect to x 


xy, + y.1=0 
y= = 

x 
—4 
Jia,4) = 3 
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w 


(1 + yy)? 
V2 


Radius of curvature 9 = 


Circle of curvature is 


(-3) 0-3) 2) 


Example 3 


Find the centre and circle of curvature for the curve //x + (y= eu £2) 


Solution: 


Given Vx+Jy =Va 


Differentiating with respect to x, 


ee ee | 

Ae iy 

(or) xe 

Hence y =- clea 
(2) Vara 


Differentiating y, with respect to x, we get 
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aa 
Centre of curvature at | —,— 
4 4 


Hence the centre of curvature is (x.y) -( 4a 


Equation of circle of curvature is 


Example 4 


Find the radius and centre of curvature of any point on x = log tal 2 + +, y=asecO 


Solution: 
; x O 
Given s=atogtan[ 445 y=asecO 
4 2 
dx 1 o(z O)\1 
— = a.——~ sec] —+— }.= 
do (4 S| 4° 2)°2 
tan] —+— 
4 2 
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OE ap ecieey 
do 


_dy_ dy d@_ asecOtand 


wes de ae a 
cos@ 
ry ea 
a 

=tand 

2 

iy 28 Vee p22 

Ix IX 

_ ec? g LO8F _ sec 


a a 


So. Dapp eee 
xX=X lea) 


= BONS CAE ee ce 0 
= alogtan{ 4 es (1+ tan 0) 


2) secO 
a 
= alog tan Ts e asin ec’ 0 
4 2) cos6@.secO 
xz @) asin@ 
= alog tan] —+ .sec 0 
4 2 cos@ 


= alogtan{ + }-atan seco 
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a 


=asecO+ sec’ 0 


secO 
=asecO+asecO0=2asec 0 


Centre of curvature = c log tan [4 + | —atan @sec 0, 2asec 0| 


(4y2) 
Yo 


Radius of curvature = 


3 


7 (1 + tan? 0) 


7 (=) 
a 
ae: 
= (sec 0) x—— =asec’ 0 
secO 


Example 5 
Find the equation of the circle of curvature of the parabola yy = 12x, at the point (3, 6) 
Solution: 
Given y° =12x 
Differentiating with respect to x, we get 
2yy, =12 
(or) ye e 
y. 


6 
Ya,e) = Pa = 


Differentiating again with respect to x, we get 
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a) y 
-1 
Y2(3,6) mar 
3 
(1+ yr) (1+(-1)'}? 
Vy 1 
6 
3 
=-6(2)2 
=-6x 22 
=-12/2 


So radius of curvature = |p| = 12/2 


Centre of curvature 


x=x--H(1+ y) 


2 


x at 6e)=3-— (5) 


G 


Circle of curvature 
—\2 ae) 
(3) +3) =P 
= (x15) +(y+6) = (122) 
=> x° —30x+15° + y? +12y4+6? =144x2 


=> x+y’ —30x+12y-27=0 
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EXERCISES 


Part—A 
1. Find the x-coordinate of the centre of curvature of the curve y= x° at the origin. 
2. Find the y-coordinate of the centre of curvature of the curve xy =1 at (1, 1). 
3. State the formula for finding the centre of curvature at any point (x, y) on a given curve. 
4. Find the centre of curvature of y= x° at the origin. 
PART —B 
x? a 

1. Find the equation of the circle of curvature at the point (2, 3) on —+-——=2. 
2. Find the co-ordinates of the centre of curvature at the point (a, 2a) on the parabola 

y’ =4ax. 
3. Find the equation of the circle of curvature of the curve xi+ se =3axy at the point 

3a 3a 
2 Dy. 
x? 
4. Show that the circle of curvature of the parabola y = mx + — at (0, 0) is 
a 
2 2 2 

x+y = a(l+m )(y- mx). 

: 2 1 1 
5. Find the centre of curvature of y= x" at Auk 
6. Find the centre of curvature of xy = c’ at (c¢): 
7. Find the centre of curvature of x = a(cost+tsint), y= a(sint—tcost)at t'. 
8. Find the centre of curvature of y = xlog x at the point where y'=0. 

ANSWERS 

Part A: 
1 zero 
2. 2 
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Part B: 


( a) ( Zia) 9a’ 
x-—— | +] y-— | =—— 
16 16 128 


(2¢,2e) 


(a cost,a sint) 


Evolute 


Let C(x, y) be the centre of curvature of the given curve C, at the point P(x, y). When P 


moves on the curve Ca centre of curvature will also take different position and move on another 


curve C, which is called as evolute of the given curve C,. Hence evolute is defined as the locus of 


centres of curvature of a curve. 


Involute 


If C, is evolute of the given curve C, then the given curve C, is called the involute of C,. 


Procedure 


Let the given curve be 


f (x, y,a,b) 


-0 (1) 
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dy : 
Find y, =—at point Pand y, =—~-at point P 
dx dx* 


2 


d°y 


Find the centre of curvature (x.y) 


an iy ; 
X=X i) 


peyt (+9) 


2 


Eliminate x & y from (1) , (2) & (3) we get 


f(x y.a,b) =0 


Locus of (x,y) is the required evolute. 


(4) 


PARAMETRIC REPRESENTATION OF SOME STANDARD CURVES 


Curve Cartesian Form Parametric Equations 
Parabola (Horizontal) y =4ax Katy = at 
Parabola (Vertical) x =4ay x=2at: ¥Sar" 
Ellipse x. oF x=acos0; y=bsin@ 
ie 
ab 
Hyperbola Cn i ; x=asecO; y=btand 
a Bb 
Rectangular Hyperbola ae Cc 
g yp xy=C X= Ch y= 
t 
Circle (x-a) +(y-by =7° x=a+rcos@; y=b+rsind 
Astroid : ; ; x=acos’ 6; y=asin’ 0 
x+y3=a 
Cycloid : x=a(0-sin@); y=a(1-cos0) 
(or) 
x=a(@+sin0); y=—a(1—cos@) 
Tractrix - 


x=a{ cos0+logtan > y=asind 
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PROPERTIES OF EVOLUTE 

I. The involute of a curve is orthogonal to all the tangents of that curve. 

Il. The evolute of the curve is independent of parametrization of any differentiable function 
Il. The evolute of the curve is the envelope of the normal to the given curve. 


Problems 
1. Find the evolute of the parabola y =4ax. 
Solution: 
The parametric form of the parabola y =4ax is x=at*, y=2at 


=. ad = 2at, uy =2a 
dt dt 


d 
dy _ Yat _ 2a 


y, = = 


t 


-2(2)-2(4 1 
Ye ahs) ode \ bss) 


dt 
-4(1) _— 
dt\t) 2at 


(2) 


The co-ordinates of centre of curvature (x.y) is given by 


eax “1(1+ yi) yayts(Ityi). 
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x = 2at 


oe ' ! *] ( from (1) and (2))+ 
2at* 


2 

t +1 
2659 3 
=at +20r( 7 


x= at’ + 2at? +2a 


=> x=2a+3at? 
=> 3at? =x—2a 


7 x—-2a 
= 3 
>t a (3) 


ya yt—(I49/) 


2 


1 1 
= 2at4 
- ys >| 
2at? 


2: 
= 2at —2at? () 
t 


= 2at —2at* —2at 


y =-2at* 
=(y) =(-2at*) = 4a’ (7°) 
=4q’ (524) | from(3) | 
_.2 x—2a : 
= (3) nt! = 


= 21a(y) =4(x-2a) 


The Locus of (x,y) is 27ay’ = 4(x—2a) is the required evolute of y? =4ax. 


2, 2 
x" Xx 
2. Find the evolute of the ellipse —+— = 1. 
a b 
Solution: 
2 2 


x x . 
The parametric form of the ellipse —+— =lis x=acos0@, y=bsin@ 
a 
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sO ia OY pub 
dé 
dy 
yd 
dO 


—bcos@ —b 
i =—co 


tO 1 
—asinO a () 


ava (2) 
V2 = Qo ge l| aan. 
dx dx \ dx 


me (*) 1 
=| = |.5 
dO \ dx vee 


_@ —bcos@ 1 
dO\. asin@ /-asind 


= ?-cos ec’ ) 
a —asin@ 
b ; b 
=-—_— °¢ = ——___ 9 
¥ a’ ae a’ sin’ 6 2) 


The co-ordinates of centre of curvature (x,y) is given by x=xX- AL(1 + ae) 
2 


y=yt—(I+y?) 


Yo 
Reo” : 2 2 
= asin @ b’ cos’ @ 
= 14 l)and(2 
x=acos0 (7, 7 ae) [ from( )and ( )] 
a’ sin 


2 22 2 2 
= acosd—L sox’ of § SIN AGEs 2) 
a 


a’ sin’ 0 
= nil 2(4_ 2 2 2 
=acos0 —cos 6 a (1 cos 0)+b cos a 


_ Pn eee Oa —a’ cos’ 0+b’ cos’ o| 
a 
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b? 
= acos@—acos@+acos’ @—-—cos* @ 


a 
2 2 
- a —b 
x=cos’@ 
a 
1 
3 


=> cos 0 = - = (3) 


sid, ra) b? 2 fa) 
y =bsin@4 [< jose 3 oo | [ from(1) and (2) | 


* sin’ @ 


b 
sin 9 


a’ sin’ @ 


= beni =a' aneapel 


= bsind — 


(a sin? 0+b? —b’ sin’ 0) 


2 
= bsin@ 5 in bsin@ +bsin? 6 


= b? ~qQ 
=sin® @ 


ee oe ee 
=> sind Erol (4) 


=> (a -b’); =(ax)'+(b5) (5) 


oS 2 2 2 
The locus of (x.y) is (ax) +(by) = (a? —b°)* which is the required evolute of the given 
2 2 
ellipse —+——=l. 
a 2 
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2 2 
3. Find the evolute of the hyperbola - = a =1. 
a 


Solution: 


x 
The parametric form of the hyperbola — — Eas lis x =asecO, y=btanO 
a 


Sg 2 ec: =p oy 
do 


dy 
_dy _ dg _asecOtand 
arr dx bsec’ 0 
dé 
= elas ? cosecd (1) 
atanO a 


ore d (2)- d (2) 1 
a = : 
d. 
dx\ dx) d0\.dx (47, 9| 
d(b 1 
= —]| —cosec@ |, ———_—__ 
dd0\a asec @.tan@ 


to 2 cosec@ cot @ [(— 
a 


asec @ tan@ 


y, = ~= cot 7 (2) 


The co-ordinates of the centre of curvature (x,y) 


x=x—2L(1+y?), y= y+—(I+ 97) 


Y> y, 
using (1) & (2) 
bsec@ 
_ = ire 
x =asecO— tan Cea 
Se es a’ tan 0 
a’ tan* @ 
2 2 2 2 
tan” 0+b 0 
= asecO +asecO tan’ @| @ ai sec 
a tan’ 0 
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_ , secé 2 29 D5 
=asec0 : [a (sec 7 \)+b sec a 


b? 
=asecO+asec’ O—asecO+—sec’ 0 
a 


a 
= i 
seen ge| =e (3) 
a+b 
= 2 2 2 2 
ab anes 1 a’ tan a sec’ 0 
(%, | a tan’0 
a’ tan 


=> y=btand 


a tan? @| a tan? 0+b* (1+ tan? 0) 
a’tan’@ 


= btand——-tan 6a? tan? +b? +b’ tan’ 0) 


2 
=btan@ - —tan’ 6 btan 9 bran’ 8 


ery a+b 
b 
a5 2 
—b 3 
>no-{ 2] (4) 
(3)° -(4) 
ot 2 _ 2 
3 —b 3 
=> sec? @—tan?9 =| —“*__ | —| —?2 
“sr 7 =] Es 
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= (ax)? -(by)? = (a +b? ys (5) 
=e 2 2 2 
The locus of (x,y) is (ax)3 —(by)3 =(@° +b"); which is the required evolute of the given by 


2 2 


4. Find the evolute of the rectangular hyperbola xy =¢’. 


Solution: 


Cc 
The parametric form of the rectangular hyperbola xy = cis x=ct y= 


ON ys & a a 
dt dt t 
dy/ ~¢ 
y dt oa i (1) 
tdi Cc a 
dt 


_d (#)- d (2) 1 
eee ae) ae ae (#7) 


a 2) 
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a= £(31+5)] (3) 


eee ee 

t 2 2t 

ae Cc 3 3 

bY “(3 ) (4) 
rox y=S[P 434245] 

2 t ¢ 
Ly (ae 3 

me a Cc = — 3 
>x+y=—|t4 >t+-= = 

ie(efentPRP 6 


Similarly 


(6) 


= | 
| 
< | 
| 
| 
Nha 
a 
oo 
~~ le 
NY 
Ww 
~~ 
~~ le 
| 
a | 
S 
— 
= | 
<< | 
——~ 
ea | 
Whe 


Cc 
De Ge A ht 
Gaff} ; 
The locus of (x,y) is (x+ yi —(x- y)s =(4c)3 


which is the required evolute of xy = ee 


2 2 2 
Find the evolute of the asteroid x7 + y* =a?. 


63 


Solution: 
2 2 2 


The parametric equation of the astroid xo + y3 =a} is x=acos® O,y= asin’ @ 


—> © ~_34 cos? Osin 6, ns 3asin’ Ocos 0 
do dé 


d 
dy ve 3asin* OcosO 


>y=—= can ete rece eS 
dx at 2 Asi 
dx 10 3acos Osind 
pe = ah (1) 
cos 0 
_d (*)- d (2) 1 
gos alee AO de ‘ay, 


1 


—3acos* Osin@ 


d 
= ao tan 0) 


2 OQ 1 
—3acos’ Osin@ 


1 


J 3acos* @sin@ 


(2) 


The co-ordinates of centre of curvature (x, y) is given by 


: 7 1 
pee eae y,)y=y+—(l+y) 


2 Yo 


(==) 
a aineaiyy 1 2 
Faaoos' gS esb S [Sn 8) [ from(1) and (2) | 
e cos* _ 
2 aD: 
=acos’ 6+3acos° Osin’ if as 
cos’ 0 
= al cos’ 6+3cos @sin* 0] (3) 
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— 1 cos’ @+sin’ @ 
= asin? 9+ | rom(1)and (2 
eae it cos’ @ ) Ei (1) ( )] 
3acos* Osin@ 
+3 4 < 1 
=asin 0+ 3acos asin 5 ) 
cos’ @ 
=a [ sin’ 64+3cos° Osin 0] (4) 


(3) + (4) 


> x+y =al cos’ 6+3cos @sin* 6+3cos’ @sin@+sin* a] 


=a(cos@+sin0)’ 
So ete 
3 
=> cosO+sin0 = [=] (5) 
a 


(3) - (4) 
> x=y = a cos® @+3cosO@sin* @—3cos’ Osin@—sin* a] 


= a(cos0@—sin 6)’ 


a 


1 
NG 
eoso-sino=[? :) (6) 


(5)** (6)? 


2 2 
3 ae 
=> (cos@+sin 0)’ +(cos@—sin 0) = (22) + (==2) 


a a 


=> cos’ 6+2cos Osin 6 +sin* 6+cos? 6—2cos Osin@+sin’ 


_(t+yP  G-yy 


3 3 


a a 
je eet. tee 2 ak 2 
= 2(cos’ O+sin’ 0—)=— | (x+y)? +(x-y)? 
Dh 
ee te ee 2 2 
= (ty) ay)? = 2a? (7) 
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2 2 2 


The locus of (x.y) is (x+ y)3 +(x- y)3 = 2a? , which the required evolute of the asteroid 


2 2 
3 3 


x+ye=a 
6. Prove that the evolute of the cycloid x=a(0- sin 0), y =a(1—cos 0) is another cycloid. 
Solution: 


Given x=a(6@-sin9@), y =a(1—cos 0) 


— © _ a(1-cos6), Daa 
dé do 


=2asin’ id =2a ae ee 
2 2 2 


0 
=cot— 1 
col (1) 


_d (#)- d (2) 1 
oo ade). doa ae 


Ve (2) 
4asin* g 
2 


The co-ordinates of centre of curvature (x,y) is given by 
= y = 1 
x=x-=1(1+ yt), y= y+—(I+ ys) 

Yo Yo 
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cos — 
2 
0 50 
2 sin — cos” — 
x = a(6-sin 0) -——++~ 1+ 4 [ from(1) and (2) | 
“1 sin? — 
4asin* — 
0 
sin* — +cos* — 
= a0 —asin@ + 4acos—sin* — 2 
2 . 260 
sin* — 
2 
ey aren Teer ea 
2 2 
=ad—asin@+2asin0 
x=a(O+sin@) (3) 
eae 1 5 
y=y+—(l+y;) 
a) 
1 sin’ + cos’ > 
=a(1-—cos6)+4 ee: [ from(1) and (2) | 
sin? — 
—1 
4asin* — 
= a{2sin’ o|-dasin’ 
2 2 
epee 
2 
(4) 


y =—2a(1—cos@) 


The locus of (x, y) is x =a(9+sin9), y =—2a(1—cos 9) which is another cycloid. 


t : 
7. Find the evolute of the tractrix x = a(cost+ log tan 5 y=asint. 


Solution: 


t : 
Given x = a(cost +log tan 3 y=asint 
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dx . 
=> —=al| -sint+ 
dt 


1 >t (l 
SeC:=..-—= 
t 242 


tan — 
2 


1 


=a\| —sint+ 
<b t 
2sin — cos — 
2 2: 


' 1 
=a — sin t + —— 
sint 


1—sin’t 
=a = a 
sint 


dx _acos t 
dt sint 


. dy 
y=asint > — =acost 
dt 


dy 
_dy_ dt _ acost 
a a dx [sece) 


dt sint 


-2(2)-4(9)\ 7 
Mee dete) de dey a 


~ 


ye= (2) 
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(1) 


The co-ordinates of centre of curvature (2, y) is given by 


rex-2H(L4 yi) Ja yt (ity) 


sint 
cost C sin’ t 


= t 
rn: 7 at) [ from(1) and (2) | 


acos’ ft 
t 3.( cos’ f+sin’ t 
= acost + alog tan ——acos’ t} ———_.—— 
2 cos’ t 
t 
mE OS TE OEE GCOS 
= t 
x =alog tan — 
2 
t x 
log tan —=— 
2 a 
t me 
SAN ge (3) 


= : 1 cos’ t+sin’t 
ae ae [ from(1) and (2) | 


acos* t 


. acos’t 
=asint+ 


sint 


asin* t+acos’t 


sint 
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— a 
2 tan — 
ee 
a|l+e4 : 
=— = using (3) 
2, MG 
e¢ 
yao ea + F 
2 
Sy pees “cosh x=~(e" +e™) (4) 
2 a 2 
The locus of (x,y) is y= acosh~ which is a catenary. 
a 
EXERCISES 
1. Show that the evolute of the cycloid x= a(O+sin 0), y= a(1—cos 0) is another cycloid 


given by x=a(0-sin@), y—2a=a(1+cos@). 


2. Prove that the evolute of the curve x = a(cos@ + Osin 0), y= a(sin@ —@cos 0) is a circle 


ENVELOPES 


Introduction 


In the plane, an envelope is a curve that is a tangent at some point to each member of the 
family of curves. Hence envelope can be viewed as a curve that touches every member of the family 
at some point. Classically, a point on the envelope can be imagined as the limit of intersection of 
nearby curves. This idea can be generalized to an envelope of surfaces in space and also extended to 
higher dimensions. A family of curves may have no envelope or unique envelope or several 


envelopes. 


Note: In the study of ordinary differential equations, envelopes are considered as 


singular solutions of ODEs. 


Consider the equation FOS ya) =0 where @ is an arbitrary constant. Assigning different 


values for@ results in number of equations representing a family of curves. Hence the quantity @ 


is called parameter of the family of curves. 
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Cy 


Fig 2.9 


Definition 


The locus of the limiting positions of the points of intersection of consecutive members of a family of 


curves is called the envelope of the family. 


Theorem 


The envelope of a family of curves touches every member of the family of curves. 


Proof: 


Fig 2.10 


Consider three consecutive intersecting member of the family, given by f (2 y, a) =(. Let curves A 


and B intersect at the point P, curves B and C intersect at the point Q. The points P and Q lie on the 
envelope and on the curve B. Now there exist a common tangent for the curve B and the envelope. 


In a similar manner, it can be proved that the envelope touches every point of the curve of the 


family. 


Note: The envelope of a family of curves is the curve which touches every member 


of the family of curves. 
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Method of finding the equation of the envelope of single parameter family of curves 


Let f (x, y, a) = Obe the equation of the given family of curves, where @ is the parameter. The two 


consecutive members of the family corresponding to two close values of @ are given by 
f(x y,a)=0 (1) 
and = f (x, y,a+Aa)=0 (2) 


The co-ordinates of the points of intersection of (1) and (2) will satisfy (1) and (2) and hence 


f (x, y,a+Aa)— f(x, y.a) _ 
Aa 


satisfy 0 


Hence the co-ordinates of the limiting positions of the points of intersection of (1) and (2) 


lim > V5 +A <* a) 
will satisfy the equation P(x pate a) P(x 2 a) =0 
Aa —>0 Aa 
. oO Of 
Le. — f(x, y,a)=0>—=0 3 
aa | = ) 0a 3) 


These limiting points will continue to lie on (1) and satisfy f(x y.a@) =0 Eliminating @ between 


of 


rats y,@) =0 and aa = 0, the required envelope of the family of curves is obtained. 
a 


Equation of the envelope of the family Aa’ +Ba+C=0, where @ is the parameter and A, B, C 


are functions of x and y 


Let the family of curves be quadratic in the parameter @ given by 
Ac’? +Ba+C=0 (1) 


Differentiating (1) partially w.r.t @, 


2Aa+B=0>a=—— (2) 
2A 


Substituting (2) in (1) 


= B’ —-4AC =0, 
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which is the equation of the required envelope of the given family. 


Note: If the family of curves is a quadratic in the parameter @ then the required 


envelope is given by B? -4AC =0. 


Examples 
; a ; 
1. Find the envelope of the curve y= mx+—., where m is the parameter. 
m 
Solution: 


: a 
Given y=mx+— 
m 


ym=m@x+a 


m2x—ym+a=0 


This is a quadratic equation in m with 


A=x, B=-y, C=a 


The envelope is a parabola. 


2. Find the envelope of the family of curves y=mx+ am,m being the parameter. 
Solution: 
Given y=mxt+am (1) 


Differentiating (1) with respect to m, 


O=x+2am 
=>m=— (2) 
2a 
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Substituting (2) in (1) 


2a 4a? 
= ae. 


x= —4ay is the required envelope. Envelope is a parabola. 


3. Find the envelope of family of straight lines given by y= mxtVam +b ,m being the 
parameter. 
Solution: 


Given y=mxtvVa'm +b? 
(y—mx)=+Va'°m’ +b° 
(y—mx)’ =am +b 
y +m x —2xym=a'm +b? 
(ee —a’)m —2xym+(y? —b’) =0 
which is quadratic in m, with 
Ajx =a"). Bay Cay Sb 
Envelope is given by B7-4AC =0 
Ax’ y? =4(x° -a’)\(y° -b’)= 0 
BS = pf -¥ BP -@? y+ab’ 


bx? Efe ay = ab 


Dividing by a°b’, 


The required envelope is an ellipse. 


4. Find the envelope of the family of straight lines y=mx—2am—am’, where m is a 


parameter. 
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Solution: 


Given y=mx—2am—am* (1) 
Differentiating partially w.r.t m, 
0=x-—2a—3am (2) 


oo : 


> m 


From (1) > y =m(x-2a—am’) 


y=m|x-20-a( 2) [from(3)] 


=m) (x=2a)—2(~2a) 
y=m>(x-2a) 


3y 
ae 4 
2(x-2a) 4 


m= 


From (3) and (4), we get 


a2) | 3y ] 


3a 2x-4a 

2 
_, 4720 _ Oy : 
3a 4(x-2a) 
= (x-2a)’ = ay’ 


=> 4(x- 2a)’ =27ay 


is the required envelope. 


1 
5. Find the envelope of the family of curves x = my+—,m being the parameter. 
m 
Solution: 
. 1 
Given x=my+— 
m 


xm=n’y+1 
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m y—xm+1=0 
This is a quadratic equation in ‘m’ A= y;B=—x; C=1 


Required envelope: B? -4AC =0 


(-)'-4(y)(1)=0 
x’ -4y=0 
x’ =4y 


Envelope is a parabola. 
x 
6. Find the envelope of —+ yt =2c, t being the parameter. 
t 
Solution: 


x 
Given —+ yt = 2c 
t 


= yt" —2et+-x=0 
=> yt? +x=2ct 
This is a quadratic equation in‘t’ with A= y; B=—2c; C=x 
Required Envelope B’ —4AC =0 


(—2c)’ —4(y) (x) =0 


4c* —4yx=0 
c’ — yx =0 
xy=c" 


The envelope is rectangular hyperbola. 


7. Find the envelope of family of circles (x-a) + a = 2a where ‘a’ is a parameter. 
Solution: 
Given (x-a) +y° = 2a (1) 


Differentiating w.r.t ‘a’ we get 
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2(x-a)(-1)=2 
a=x+l (2) 
Substituting (2) in (1) 
[x—(x+1)] +? =2(x+1) 
1+ y? =2x+2 
y’ =2x+1 


The required envelope is a parabola. 


8. Find the envelope to the family of circles x* +(y—b)y =a’ with centres on y-axis & of 
given radius ‘a’ with ‘b’ as the parameter. 


Solution: 
Consider x* +(y-b) =a" (1) 
Differentiate (1) w.r.t ‘b’ 
-2(y-b)=0> y—-b=0 


=F (2) 


Substitute (2) in (1) we get 


2 2 
x =a 
>x=ta 
.. The two lines x = a and x = —a are the two envelopes to this family of circles 
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9. Show that the x-axis y = 0 is the envelope of the family of semicubical parabola 


y? —(x+by = 0 with b as the parameter. 


Solution: 
y 
x 
Fig 2.12 
Consider y* ~(x+b)’ =0 (1) 

Differentiate (1) w.r.t ‘b’ 

-3(x+b) =0 

>x+b=0 (2) 


Substituting (2) in (1), we get 
y =0 
=> y=0, is the envelope 


10. Show that the family of straight lines 2y—4x+a@=0 has no envelope, where @ is the 


parameter. 
Solution: 


Differentiating 2y—4x+a@=0, with respectto @ 


we get 0+0+1=0 which is a contradiction. We observe that the given family of straight lines 
a 
Pahl all parallel with common slope m = 2. Hence no curve (envelope) exists which 


touches each member of this parallel straight lines. 


11. Show that the family of circles x? +(y—b) =b° with centres lying on the y-axis has no 


envelope. 
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Solution: 


Fig 2.13 
Differentiating x° +(y —b) =b’ with respect to b we get, 


0-2(y-b)=2b 
> y=0 


We observe that the given family of circles meets at the origin and that we could not find a curve 


which covers or touches every member. 


Hence the envelope does not exist for this family of circles. 


x : 
12. Find the envelope of the family of lines —cos 0+=sind = 1, O being the parameter. 
a 
Solution: 
x ; 
Given ~cos@+~sin@=1 (1) 
a b 


Differentiating (1) partially with respect to 8 
ies: 
—sind += cosd=0 (2) 


a 


Squaring and adding (1) and (2), we get 


2 2 
[Zcosas Zsind) +{ sino + Zcos0 =1+0° 


a a 
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2 2 2. 2 2 2: 
a a 


2 2 


“5 (cos’ 6+sin’ 0) +5 (cos” 6+sin’ 0) =] 
2 2 

ene =| 

ae og 


The required envelope is an ellipse. 
13. Find the envelope of the family of curves xcos@ + ysin 6 = a, @ being the parameter. 
Solution: 

Given xcos@+ ysind=a@ (1) 
Differentiating (1) with respect to 8 

—xsind+ ycos0=0 (2) 
Squaring and adding (1) and (2) 

(xcosO+ ysin0) +(—xsin@ + ycos0) =a? +0° 


a (cos* O+sin* 0)+ y (sin? O+cos” 0) =a 
The required envelope is a circle. 


a’ b). 
14. Find the envelope of the family of curves | — |cosO—| — |sinO=c,0 being the 
x . 


parameter. 


Solution: 


a’ b° 
Given [© Jeoso-( ino (1) 
x y 


Differentiating with respect to 6 
2 2 
a . b 
— |(—sin@)-| — |cos0 =0 
x y 
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a’ b 

— |sinOd+| — |cos0=0 (2) 
x y 

The equation of the envelope is obtained by eliminating 6 between (1) and (2) 


Now squaring and adding (1) and (2) 


2 
[=] (cos? 6+sin’ 0)o(% sin 6 +cos* 0) = 
x 


y 
4 b* 


is the required envelope. 
15. Find the envelope of the family of straight lines xcos@+ ysina@ =csinacosa,a@ being 
the parameter. 


Solution: 
Given by xcos@+ ysina@ =csina@cosa 
Dividing by sina cosa, we get 


x 
. a 2 
sina@ cosa 


=Cc 


(1) 


Differentiating (1) with respect to a, we get 


5 COS a + us sina =0 
sin’ @ cos’ @ 


(2) 


xcosa — ysina 


sin’°@ cosa 


x y 
- =k 
= sin'a@ cosa@ (say) 


(3) 


ope) x 3 
sin Qq@=— cos @= 


a lS 


We know sin’? a +cos* a =1 
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a 2 
ae 
k k 
Z 2 
xB +y3 -k3 


(4) 


1 
3 
From (3) we have sina =—_; cos@ ==; (5) 
k3 k3 
Using (5) in (1) 
He 
B~4B ac 
x3 y? 


(3+ y?)? =c>x+y3=c3 
is the required envelope. 


16. Find the envelope of y= xtana@+2seca, @ being the parameter. 


Solution: 


Given y=xtana+2seca (1) 
Differentiating with respect to a 
0=xsec’ a@+2seca tana 
Dividing by seca 
xseca+2tana =0 (2) 
(1)?— (2)? gives 


(xtana@+2seca) —(xsecat+2tana) = y? 


(x? tan* a+4sec’ a+2xtanaseca)—(x" sec’ a+4 tan’ a+ 2xseca tana) =y* 
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xe (tan? a—sec” a)+4(sec? a —tan* a)= ie 


The required envelope is a circle. 


17. Find the envelope of xcosec0 — ycot 0 = a, being the parameter. 


Solution: 


Given xcosecO— ycotO =a 


(1) 


Differentiating with respect to 8, 


—xcosecO cot 8+ ycosec’@ =0 


xcosecO cot @ = ycosec’@ 


2 
x cosec’d 


y ~ cosecO cot 0 


Lae 1 
y cosé 
2 y 
cosO=~ ; sind = (2) 
x x 
x2 —y2 : 
0 
y 
Fig 2.14 
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Substituting (2) in (1) 


xcosecO— ycotd =a 


ae) 
x —y 


=> Jx-y =a 


= =a 


=>x°—y’=a’ isthe required envelope. 


EXERCISE 
Part-—A 
1. Define envelope of a family of curves. 
2. Show that the envelope of the curve y= ee Fi Bene the parameter is given by 
m 
y =4x: 
3. Show that the envelope of the family of lines y=mx+4m’,mbeing the parameter is 
given byx’ =—l6y. 
4. Show that the envelope of y=mx+Vl+m’,m being the parameter is given by 
vty =i, 
5. Show that the envelope of y=mx+m*-1,m being the parameter is given by 
x-y=1. 
6. Show that the envelope of the family of circles (x-a) +y°=4a,a being the 
parameter is given by y’ = 4(x+1). 
7. Show that the envelope of the lines “secO— tan = 1,0 being the parameter is 
a 
x? y 
iven by —-—-=~=1. 
8. Show that the envelope of the lines xsecO- ytan@=a,@ being the parameter is 
given by x°—y? =a’. 
9. Show that the envelope of the family of straight lines xcosa@+ ysina@ =aseca,a 
being the parameter is given by y’ =—4a(x-a). 
10. Show that the envelope of the family of straight lines y=mx—Va’m’ —b’,m being 
2 2 
the parameter is given by —— = =. 
a 
11. Show that the envelope of the family of straight lines y=mx+am’,m being the 


parameter is given by ap’ y?'+(p -1)"" x? =0. 
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12. Show that the envelope of family of curves y=mx+am’,m being the parameter is 
given by 27ay’ +4x° =0. 
13. Show that the envelope of 1— x? +(y-k) =0,k being the parameter is given by 


<a 

14. Show that the family of circles (x-a) + y’ =a’ has no envelope, ‘a’ being the 
parameter. 

15; Show that the envelope of the family of curves Seek ‘a’ being the 
parameter is given by xt y=+k. : : 

Part B 

16. Show that the envelope of the lines xsecO+ ycosecO=c,@ being the parameter is 


zs 2 2 
given by x7+ y* =a>. 
17. Show that the envelope of the family of straight lines ycos@-—sin@=acos26,0 
2 2 2 
being the parameter is given by (x+ y)3 +(x—y)3 =2a?. 


18. Show that the envelope of the family of circles x° + y’ —2axcos@—2aysin@ =c’, 0 
being the parameter is given by 4a’x? + 4a’ y? = (x +y-c Ni 


we) 
cos@ sind 


19. Show that the envelope of the family of straight lines =a’ —b’,@ being 
the parameter is given by (ax): +(by)s =(a _52)3 

20. Show that the envelope of the lines xcos’a@+ ysin® a =a,were o the parameter is 
given by x°y* =a’ (x? + y’) : 

21. Show that the envelope of the family of curves x* (x-a)+(x+a)(y—m) =0,m 


2 2 4 
being the parameter is given by (x— y)3 +(x+y)3 =2a?. 
22. Find the envelope of y=mx + Va°m*—b’ mm is the parameter. 


23. Find the envelope of the family of curves y = mx + aV1+m? , m being the parameter. 


2 


24. Find the envelope of the family of curves y = x tan @ LS where a is the 
2u° COs’ @& 
parameter. 
29: Find the envelope of the circles described on the radii vectors of the ellipse 
2 2 
= + a =1 as diameters. 
ab 
20. Find the envelope of the circles passing through the origin and with their centres lying 
2 2 
: aaa 
on the ellipse —+—=1. 
p a b 
27. Find the envelope of the circle whose centre lies on xy =c’ and passes through the 


origin. 
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Envelopes of families of curves with single parameters 


Equation of the Curve 


Envelope of family with respect to given 
conditions 


(x-a)+y=r? 


a. is the parameter 


x’ +(y—b)? =a? 


b is the parameter 


y’—(x+b)?=0 
(semicubical parabolas) b is the parameter 


c 
y =mx+— 
m 


m is the parameter 


xcosat+tysina=p 


a. is the parameter 
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ENVELOPE OF FAMILY OF CURVES WITH TWO PARAMETERS 


In this section we find envelopes of families of curves with two parameters, the parameters 


being connected by a relation. 


For example, to find the envelope of a line segment of constant length c sliding on two fixed 


Cae) 


x 
perpendicular lines leads to the problem of finding the envelope of the family of lines —+ 
a 
where a’ +b? =c? 


In some problems of finding the envelope of two parameter family of curves, it may be 
possible to express one of the parameters explicitly interms of the other. This reduces the problem 


to a single parameter problem. When this is not possible we proceed as below. 


Consider the equations hace y,a,b) =0 (1) 


y(a,b)=0 (2) 


Differentiating (1) and (2) with respect to ‘a’ (Treating b as a function of a) 


We get, Dig (3) 
Ca Ob da 
d oO 20. @ <6 (4) 
Ca Ob da 


db 
Substitute for ae (4) in (3) and eliminating a and b from the resulting equation and the 
a 
relations (1) and (2) we get the envelope. 


Examples 


x 
1. Find the envelope of the straight line ete ae where a and b are connected by the 
a 
relation a+b=c where cis aconstant, a and b are parameters. 


Solution: 


Given ae aes (1) 
b 


a 
and at+b=c (2) 


Differentiating (1) with respect to ‘a’ 
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se tea) (3) 


=>—=-l (4) 


-x y 
ae p=? 
xy 
ap 
EhOka 
a b a ace ACHE Hires | 
—~=-~= Since— =— =—....... = 
a b at b d f b+dt+ ft... 
1 1 
ema Nae [| From (1) and (2)] 
x_i 
a oc 
>cr=a’ 
=> a=(cx) 


Similarly b = (cy)? 


Substitute a and b in (2) 


1 1 


(cx)? +(cy)? =¢ 


Spey 
is the envelope of the given family of curves. 
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2. Find the envelope of the straight lines ~ += =1where the parameters are related by the 
a 


equation a> +b* =c’ where cis constant. 


Solution: 
Given Pe: pee (1) 
a b 
Also a’ +b’ =c? (2) 


Differentiating (1) with respect to ‘a’ 


—x y db 
ab da 2 


Differentiating (2) with respect to ‘a’ 


xp eG 
da 
db a 
da b 


0. ae 


x a B73) _(2.\3 
= 7a cx>a CX} 
a Cc 


1 


oe Sob =cysb=(c?y) 
c 


ane a 
Similarly rr 


Substituting a and b in (2) 
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is the required envelope of the family of straight lines. 


x 
Find the envelope of the straight line —+ ws lwhere the parameters a and b are related by 


3. 
a 
the equation a" +b" =c", c being a constant. 
pak, wie. 
Solution: —45=] (1) 
b 
a’ +b" =c" (2) 
Differentiating (1) w.r.t ‘a 
=% db 
Pe (3) 
a b da 


Differentiating (2) w.r.t ‘a 


na"! +nb"! 2 =0 
da 


db —a™' 
dab m 


Substituting (4) in (3) 


a b pr! 
n-l 
baat a 
> ro + a = 0 
x ya , 
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() G) G3) 


a” b” a” Ie b” = Cc" 


1 


t=" >Da= [ xc" dea 


Substituting a and b in (2) 


n 


n 
(xe"y"" + (ye" "1 = c" 


or 
>cul xn 4p yn = 


n n n 


=> xm gyn = 


n n n 


xn + yr _ cml ‘ 


which is the required envelope. 


x 
4. Find the envelope of —+ Je 1 where a and b are connected by the relation ab = c’. 
a 


Solution: 


Given ~+2=1 
a b 


Also ab = c? 


Differentiating (1) w.r.t ‘a’ 


—x y db 
oar aa 
a b da 

Differentiating (2) w.r.t ‘a’ 


GAG O 
da 


Cc" 


(1) 


(2) 


(3) 
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2 


db _-b 


wacatah nes (4) 
da a 
Substitute (4) in (3) 
—x —b 
aa 2(=) =O 
a ba 
xy 
== 
a ab 
Glbnase 
y a a 
>-=-> = > = rom (1 
b 1 1 1+1 2 lf ( ] 
>-=->a=2x 
y 1 
and—=—=>b=2y 
b 2 
Substitute a, b in (2) 
(2x)(2y) =c? 
S4Axyeac 
which is the required envelope 
5. Determine the envelope of the two parameter family of parabolas fre = 1where the 
a 
two parameters a and b are connected by the relation a + b = c where c is a given 
constant. 
Solution: 


Using the given relation a + b = c, 
Eliminate b=c-—a (1) 


From the given family, 


x ly 
ite NY ci 2 
fee 0 


Substitute (1) in (2) 
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e+ P= (3) 
a C—-a 


which is now a one - parameter family of parabolas with ‘a’ as the parameter 


Differentiating (3) w.r.t ‘a’ 


1 
c a y? 
a 
aa = 
x3 
I 
3 
Cc 
a> 41 
a — 
x3 
I i 
C+ 
a ae 
x3 
I 
3 
cx 
>q=—— (4) 
e+y 


Substitute (4) in (3) we get the required envelope as 


cal ieee 7 
[sox 

Pak a 
=> ey 


Dip Bee ave ot 
sf>'(s+94 =¢2 


1 1 1 
Thus the envelope is the asteroid given by x7 + y? =c?. 
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6. Show that the envelope of a family of parabolas frp =|under the condition ab =c* 
a 
is a hyperbola having its asymptotes coinciding with the axes. 


Solution: 


1 1 
x\2 (y\2 
Equation of hyperbolas is | — | + ae =] (1) 
a 


where ab = Cc’ 


(2) 


Differentiating (1) with respect to ‘a’ regarding b as a function of a 


1 3 1 3 
2 Sa" + y? S "\o? 2 0 (3) 
2 2 da 


Differentiating (2) w.r.t ‘a’ regarding b as a function of a 


FEE a 0 
da 
_, db _ —b 
= (4) 
Pea a 


Substitute (4) in (3) 


1 -3 1 -3 
(S}re? «(Z)re [Z)-0 
2 2 a 


1 
Dividing by (> a )an multiplying by ‘a’ 


. 1 1 -l 


“Efe 


= From (1) 
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Squaring, 


Py Sere ae 
a 4 b 4 


>a=4x and b=4y 


Substitute a and b in (2), we get 


(4x)(4y) =e? 
= 16xy=c? 


which we know is a rectangular hyperbola with asymptotes as axes. 


2 2 
x 
7. Find the envelope of the ellipse “> +> = lwhere a and b are connected by 
a 
Ja+ Jb = Ve and cis a constant. 
Solution: 
2 2 
x 
Given a eee (1) 
a b 


Also atvb=Vce (2) 


Differentiating (1) w.r.t ‘a’ 


=) ae 
ee, (3) 
a b da 
Differentiating (2) w.r.t ‘a’ 
To. sldh 
2Ja 2b da 
_, db _-Nb (4) 


da Ja 


Substitute (4) in (3) 
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=> 
a Blade 
cle eel 
aba 
x) fy 
a) b? 


> = 
a Jab 
x? y? 

eel ee aes 1 neil 
a+~ab a+<VJab Va Va +b | Vave 


1 1 
>a? =x'c? sa-[| 


Similarly 


yvb_ 1 
ba ave 


5 1 
si = Neob=(e"| 


5 


Substitute a and b in (2) 


ale 


145 te, & 
xe? | +] ye? | =e? 
Ban eee 2 2 
>c!l x+y? l=c 


2 2 2 


> x +y5 =c5, 


which is the required envelope of the given family. 
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(From (1) 


2, 2 
x 
8. Find the envelope of the ellipse ao = 1,where a and b are connected by the relation 


a’ +b° =c’,c being a constant. 
Solution: 


2 


2 
Given ett (1) 
a 


b? 
Also a’ +b? =c? (2) 
Eliminating b from (2) we get 


b? =c’-a’ (3) 


2 
~ al 
Cc —-a 


2 
x 
Substitute (3) in (1), we get — + 
a 
> (c? -a’)x? tay =a’ (c? —a’) 
=a‘ -a(c?+x-y’)+e?x? =0 (4) 
(4) is a quadratic equation in a 
The envelope is given by B? -4AC =0 
( Bow =D 2\? 2.2 _ 
C+x -y ) —4c°x" =0 


[(c? +x" - y’) +2cx |[ 0? +x” - y?-2ex]=0 


> 
> 

= (x+c) -y? =0, (x-c) -y’=0 

=> x+c=tyandx-c=ty> x=-ctyandx=cty 
> 


xty=xte. 


2 2 
x 
9. lf a’ +b° =c,show that the envelopes of the family of ellipses Gs =1 with a, b as 
a 
parameters are the straight lines tx+ y= Ve. 
Solution: 
2 2 
x 
Given ~ 4% =1 (1) 
ab 


Treating b as a function of a and differentiating equation (1) w.r.t ‘a’, we get 
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—2x* 2y’ db 
3 3 ra 0 
a b da 


Also given a’ +b? =c 


Differentiating (3) w.r.t ‘a’ 


Dy rpp ee = 
da 

la 

da b 


Substitute (4) in (2) 


x? y? 
abt 
a’ b? a br 1 
eae, [oom ome(s)] 
2 2 
ae eee 
ac b Cc 


>a’ =+Jexand b?= +Jey 
Substitute a and b’ in (3) 
3)>c=a +b’ 


c=tVextVey 


So the required envelopes are +xt+ y= Vc. 


2 2 


x n n n . 
10. Find the envelope of — + - = 1 where a" +b" =c",aand b being the parameters. 
a 


Solution: 
2 2 
Given —+2~=1 
a be 


n 


Also a" +b" =c 
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(2) 


(3) 


(4) 


(1) 


(2) 


Differentiating (1) w.r.t ‘a 


94,2 2 
2x 7 2y db _0 (3) 
a b> da 
Differentiating (2) w.r.t ‘a’ 
na”! +nb"" a =0 
da 
db a 
a " 
Substitute (4) in (3) 
2x 2y —q"! 
a bh? bp"! = 
roe ya x y 
a b’p"| n+2 pr? 
ae b? a» 1 
= rom (1) and (2 
n b” a” 4 b” n [fi ( ) ( )| 
eA ae | 
nt+2 = “a pr? = cr 
2en 


2 2 2 
So Se any Sy 
1 1 


=>a= [Laer le and b = [er 


Substitute a and b in (2) 


n n 
Es co” Jw? +[ yo? Joe =" 


- ss a 
> Bae + [ >? = fer |r 


which is the required envelope. 
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11. Find the envelope of the family of ellipses whose axes coincide and whose area is constant. 


Solution: 


2 
x 

Given es | 

a 


b? 


is the equation of the ellipse where a and b are the variables 


Parameters connected by the equation zab=k 


zab being the area of an ellipse whose semi - axes are a and b. 


Differentiating (1) and (2) regarding a and b as variables, we get 


x y’db db —-x*b° 
Br ee dw 
a  bda da ay 
Be pio a 
da aoa 
x 
From the above equations, we get — = 
a 
yd 
F 1 = —and —= 
a me ie a) 


=> az=+xJ2 and b=tyV2 


Substitute a and b in (2), 


2 


y 


= 


(1) 


(2) 


k 
we get the envelope xy = ae a pair of conjugate rectangular hyperbolas. 
a 


x” 
12. Find the envelopes of the family of curves —+ b 
a 


connected by the relation a? +b? =c’?. 
Solution: 


Equation of the given family of curves is 


a” b” 


m 


y 


m 


where the parameters a and b are connected by the relation 


a’? +b? =c? 


l where the parameters a and b are 


(1) 


(2) 


Now we shall differentiate (1) and (2) w.r.t ‘a’ regarding b as a function of a. 
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m 


From (1) we get, 


—mx" my” db _ 


m+1 
a 


From (2) we get, 


pm da 


_ _, db 
pa’! + pb?" 0 
la 
db —a?" 
Siege ae 
da b* 
Equating the two values of —, we get 
a 


0 


(4) 


Eliminating a and b between (1), (2) and (5) we get the required envelope 


From (5) we have 


x” y” x” y 

a” 7 b” 7 a” b” i. 1 

a’ b? a’ +b? Cc? 
ee ed 

gem oP 


P THe. 


=>q? area =xPt™ ePprm 


P lees 


Pp 


[ from (1) and (2) | 


(5) 


mp Pp 


Similarly b? = y?*".C?*™ 


Substitute a’ and b’ in (2) we get 


Pp 2 mp mp 


+m p+m +m 
Cc P x? + y P 


mp mp mp 


=> xPtm 4 gee =. cre 


which is the required envelope. 


Exercise: 
x 
1. Find the envelope of —+ a 1 where a? +b° =4. 
a 
x 
2. Find the envelope of the family of straight lines Lees =] where parameters a and b are 


a 


connected by the relation a+b’ =c’,c being a constant. 


x 
3. Find the envelope of the straight line —+ a =] where ab = 4. 
a 
1 1 
x )\2 y \2 
4. Find the envelope of the family of curves | — | + > =1 where a and b are connected by 
a 


the relation (i) a” +b" =c’". 
(ii) a+b =c, c being a constant. 


m m 


eo =f, 


5. Find the envelope of curves — bm 
a 


when (i) a+tb=c. 
(ii) ab =c’,c being a constant. 


6. Show that the envelope of the straight line of given length J which slides with extremities on 
a, ee 
two fixed straight lines at right angles is x7 + y? =1>. 
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Hint : Let us take the two fixed straight lines at right angles as axes. Let the equation of the 


y 


. Spec’ ; F F x 
line with its ends on the given perpendicular lines as axes be — += =Iwhere a’ +b? =I". 


a 


Fig.2.15 

x? y 

7. Find the envelope of the family of ellipses — + fa = | where the parameters are connected 
a 

by a+b =c, cis a constant. 
: xX y j 
8. Find the envelope of —+ b = 1 where the parameters a & b are connected by the relation 
a 


a™b™=c™*" cis a constant. 


Answers 
2 2 2 
1 xe+y=a>. 
3 3 3 
2 x*++yt=c't. 
3. Axy = 1. 
n n n 
4 i) xen + yer = c2ntl 
m m m 
5 i) xm + ym = cml 
2 2 2 
7 e+y=c3 
Cc m+n 
8. xy" = mn" 
m+n 


s a i 
ii) +y3=c?. 


i) 4xy=c’. 
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Envelope of Family of Curves with Two Parameters 


Equation of the Curve 


Condition for Parameters 


Envelope of Family with Respect to Given 
Condition 


Ba ay a+b=c 

a b 

2 2 

ea atb=c = 
a b 

2 2 
Ppa ed ab=c 

a b 

B 

saat ce atb=c 

a b 
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EVOLUTE AS ENVELOPE OF NORMALS 


Let P,P, P, be consecutive points on a curve and the normal at P,P, cut at Q, and the 
normal at P,,P, cut at Q,. In the limiting process as P,and P moves towards P,, Q, moves 


towards Q,. Q, and Q, are the centres of curvature at the points P, and F.. As both Q, and Q, lie 


on the evolute and also on the normals, it is clear that the normals to the original curve are tangents 
to the evolute. Hence the evolute can also be thought of as the envelope of the normals to the 


original curve. 


Fig 2.16 


In the differential geometry of curves, the evolute of a curve is the locus of all its centres of 
curvature, Equivalently it is the envelope of the normals to a curve. The original curve is an involute 


of its evolute. 


speunou fo adopaaua 
aNyjOAq 


Give, poreerese 
n Curve 


Fig 2.17 


The normals to the curve form a family of straight lines. Thus the envelope of the normals is 
the locus of the ultimate points of intersection of consecutive normals. But we know that the centres 
of curvature is the point of intersection of consecutive normals. So the envelope of the normals 


must be the locus of the centres of curvatures, which is the evolute of the given curve. 
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Hence, the evolute of a given curve can also be considered as the envelope of the normals to 
the curve. 


Problems: 
1. 


Find the evolute of y = 4ax considering it as the envelope of the normals. 


Solution: 


Any point on y~ =4ax is (at*,2at) 


x=at’, y = 2at 
a = 2at, 2 =2a 
dt dt 


a ld _ 2a | 


dx dx/dt 2at t 


The equation of the normal to (is y,) with m as the slope of the tangent to a curve is given 
by 


y+xt = at’ +2at (1) 


Differentiate equation (1) partially with respect to t we have 


x =3at? +2a 


Substituting the value of t in equation (1) 
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x—2a 


gene 
mele: 


Is “at 6e) 


1 
(| 
3a [ 3 
-(5 ae 22) 
3a 3 


1 
5 x-2a i x—2a ) bee the numerator 
=-2a 


and denominator bya 


2 3 
y= (*-2a)? 
32 a2 
3.01 3 
3?.a?.y =-2(x-2a)? 


Squaring on both side, 


2Tay’ = 4(x—2a)’. 
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Regarding the evolute as the envelope of the normals, show that the evolute of the ellipse 
2 2 2 2 

x 2 2. 

as > = 1 is the curve (ax)3 +(by)3 = (@ -b’) 

a b 


2 
3 . 


Solution: 
2 2 
Any point on — + ie = 1 is given by (a cos 0,bsin 0) 
a 
x =acos6, y=bsind 


GE. 33g ae ee 
dé do 


dy dy!d@ bcosO -b 
== = =—cotd 
dx dx/d@ -asinOd a 


Equation of the normal at (x, y,) is 


(y-))=-— (2-4) 


a 
bcot@ 


y—bsin@ = (x-acos@) 


bcot O( y—bsin@) = a(x—acos@) 


cos @ 


b ano (y —bsinO) = a(x—acos@) 


by cos @—b’ cos Osin @ = axsin @—a’ cos @sin O 


Divide by sin@cosO 


by 2 ax 3 

sin 0 cos@ 

ax mAs ee (1) 
cos@ sin@ 


Now partially differentiate equation (1) with respect to 0 


1 sin@ 1 cosé 
ax x =—by. : 
cos@\ cos@ sin@ sin@ 


ax bape = cota 
cos@ sind 
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ax(tan 0) =—bycot0 


(ax )2 [3 + (by )2/3 
(—by ) 1/3 


(ax)!/3 


Fig 2.17 


Equation (1) becomes 


2 2, 2 2 
34+(by)3  b 3 +(by)3 
_ aya) +b) ryla) +) 


(ax): (by): 


= (as)? (by) | (ax) + (Oy) Jaa? 


wiry 


(#0) 


which is the required evolute. 


> (ax)3 +(by) 
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3) Considering the evolute as the envelope of the normals, find the evolute of the asteroid 


Solution: 
Any point on the asteroid 
2 2 2 
x3 + y3 =a} is given by (acos’ 6,asin® 0) 
i.e. x=acos 6, y=asin’ 0 


ae 3a cos’ @(—sin@) ae 3asin* A(cos 0) 
do do 


_dy _dy/d@__ 3asin* AcosO 
dx dx/d@ —-3acos’ Osind 


m=-—tand 


Equation of the normal is 


y—asin® 0 = (x—acos’ 0) 


tan 
sin @( y—asin’ 0) =cos0(x—acos" 0) 
ysin@—asin* 0 = xcos@—acos* 6 
ysin 0 —xcos 0 = —a(cos* @—sin* 0) 
= —a( cos’ O+sin? 0)(cos* @-sin’ 0) [-@ —b’ =(a+b\(a— b) | 
=—acos 20 E cos2A =cos’ A-sin* A| 
ie. ysin@—xcos@ =—acos 20 (1) 
Differentiate equation (1) with respect to 0 


ycos@+xsin@ = 2asin 20 (2) 


Eqn (1)xcos0 => y cos Osin@— x cos’ 0 =—acos 20 cosO 
Eqn (2)xsin@ => ysin@cos@+ xsin’ 0 = 2asin 20 sinO 


Subtracting we have, 
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—x(cos’ 8+ sin? )=— acos 20 cos @— 2asin 24 sin @ 
x=acos20cos@ + 2asin 26 sin 0 
= a(cos* 8 -sin* 0)cos 0 + 2a(2sin cos @)sin 0 
= al cos* @—sin’ Ocos a| +4asin’ @cosO 
x=acos’ 0+ 3asin’ Ocos@ (3) 
Now, Eqn (1)x sin@ => ysin’ @—xcosOsin9 =—acos 20 sind 
Eqn (2)xcos 0 => ycos’ 0+xsin@ cos@ = 2asin 20 cos@ 


Adding we have, 

y(sin* 6+ cos’ 0) = 2asin 20 cos 8 — acos 20sin @ 

y =2a(2sin Ocos @.cos 9) — a(cos” 9—sin’ 8) sin 

y = 4asin @cos’ @—acos’ Osin 6 + asin’® 6 

y =3asin@cos’ @+asin° 0 (4) 
Adding (3) & (4) we get 


x+y=a (cos* 6+sin’ 0) + 3asin @ cos O(sin 8 + cos 0) 


=acos’ 6+ 3asin? Ocos@ +3acos’ Osin@ + asin’ 0 


x+y=a(cosO+sin0) 


N 


(x+ ys =a? (cosO+sin Q) 
Similarly, 


x— y=acos’ @—3acos’ Osin@ + 3asin’ Ocos 6 —asin* 6 
x-y=a(cosO—sin0) 

2 2 

3 3 


(x-y) =a (cos@—sin 0)’ 


Thus, 
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=a>|(cos@+sin 0) +(cos@-sin 0) | 


[ cos’ O+sin’ 0+ 2cososinO + cos’ 0+ sin* 0 2cososind | 
2 
3 


=a 


2. (x+ y)3 +(x- y)3 =2a3 


which is the required evolute. 


4. Find the evolute of cycloid x = a(O- sin 0), y= a(1—cos 0) treating it as the envelope of 
its normals. 
Solution: 
x= a(@ —sin 0) 
y= a(1 — cos 0) 
dx : 
— =a(l-cos@); *Y — asind 
dé 
dy asn@ _ sind 


dx a(1—cos6) ~ 1—cos0 


Equation of the normal, 


1 
y-y, =—— (4%) 


_ 
dx 
-1 5 
ais | 7p \ a(@—sin6)) 
1-—cos@ 
puteiee 2 el a0 + asin @) 
sin @ 


ysin 0 sasin0 + asin Oc0s0 =—x+a0— asit'O + xcos0—a0cos0+ asin OCs 


x+ ysin@=a0—a@cos@+xcosé 
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x+ ysin@ = a0(1—cos@)+xcos0 
=>x-xcosé+ ysin 0 = a0(1—cos6) 


=> x(1-cos@)+ ysin 8 = aO(1—cos@) 


" ysin@ _ ab (1) 
1—cos0 
: 0 
: sind J spocos’ 0 
Since Or a aes 


1-cos0 ~ ; 0 
Zsin 7% 5 
From (1) 
+ yootS =a (2) 


Differentiate (2) with respect to 0 


v[ -cosec* = =a 
22 


“ —2a 
cos ec’ g. E 2sin? Bn 1—cos 0] 
2 2 
0 
=~—2asin* — 
? 2 
y =-a(1-cos@) 


Substitute in equation (1) 


v+[-a(1-s0s8))] AO = 00 
x—asin@=a0 
x=a0+asin@ 
x=a(O+sin@) 


From (3) & (4) envelope of the normal is a cycloid. 


Hence evolute of the given cycloid is another cycloid. 
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Exercise 


1. Define Evolute of a curve as an envelope of its normals. 
2. Regarding the evolute of a curve as the envelope of its normals, find the evolute of 
x =4ay. 
x? y? 
3. Find the evolute of — —-~ = 1 considering it as an envelope of its normals. 
4. Considering the evolute of a curve as the envelope of its normals, find the evolute of the 


rectangular hyperbola xy = ap 


5. Show that the evolute of the cycloid x= a(@+ sin 0), y= —a(1—cos 0), treating it as the 


envelope of its normals is another cyclord x = a(O- sin 0), y= a(1- cos 0) 
Answers 
2. 2Tax’ = 4(y—2a)’ 


2 2 2 


i (ax)3 -(by)3 =(a +b?) 
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UNIT -III — Multivariable Calculus — SMTA1106 


UNIT 3 


MULTI VARIABLE CALCULUS 


Introduction 


A function of two variables maps points (x, y) in the XY plane to numbers z on the _Z axis. 
These functions are generally denoted by f (x, y). It can also be considered as an assignment of a real 


number to a point (x, y) in the XY plane. 


The equation in two variables geometrically represents a curve which indicates the 
dependency between the variable quantities. This idea is originated from Descartes during 1596- 
1650. 


Later it was Leibnitz (1646-1716) who first used the term function in 1673. He also 


introduced the terms constants, variables and parameters. 


A function f of two variables is a relation, which maps every point of a set D in the XY plane 
to at most one real number z. The set D is called the domain of the function f. This representation of 


two variables as a function is identified by Euler during the period 1707-1783, in practice. 
Examples of Functions of Two variables 


Consider the functions z=xy, z= cosxsiny. In these examples x, y are called the 


independent variables and z is called the dependent variable. 


The graph of the functions of two variables is a surface z = f (x, y) where z is the height of the 


surface at (x, y). 
For example z = 2x° +2y’ —4isan elliptic paraboloid. 


Applications of functions of two variables 


The functions of many variables are useful in every field of engineering applications. For 
example when a violin is placed in the XY plane with strings of length / coincides on the x axis, then u 


(x, t) is defined as the displacement of the string above or below a point x on the x axis at a time t, 


then y = u es t) is the shape of the string at a fixed time t. Likewise u (x, t) might represent the 


evolution of the temperature distribution of a thin rod, where u represents the temperature at time 


tat a distance x from one end. The distribution of temperature on a thin metal plate with surfaces 


insulated is also a function of two variables u(x, y) in the XY plane. The Ideal gas law is also an 


115 


example of function of two variables. The Ideal gas law given by P = ORT. Here Pisa function of 


both density ,temperature T and R is the gas constant. 
Limits 


The function rues y) is said to tend to the limit / as xa and y—>b if and only if the limit 


‘l’ is independent of the path. In this case we write 


lim f(x, y) = 1 
yb 


The limit can also be defined in terms of a circular neighbourhood as follows. The function f (x, y) 


defined in a region R is said to tend to the limit ‘’ as xa and y— b if and only if corresponding to a 


positive number ¢ there exists another positive number 5 such that |f ‘ee y) —I|<¢ for 
0 <(x—a)’ +(y—b)’ < o = 6" for every point (x, y) in R 
Continuity: 


A function f (x, y) is said to be continuous at the point (a, b) if 


lim f (x, y) exists and lim f (x, y)=f (a b). 


xa 
yob yb 


Partial derivatives 


Functions of multiple variables can be differentiated with respect to either of their 
independent variables, the other variable being treated as constant during the differentiation. Such 


derivatives are known as Partial derivatives. 


Let z= f (es y) be a function of two variables x & y. The partial derivative of z with respect 


to x keeping y as a constant is defined as 


O& sim f (x+Ax, y)-f (xy) 


Ox 4x0 Ax 


Sensing ane fluy+dy)-f(%y) 
oy Ay>0 Ay 


The partial derivative exists only when the above limit exists. 
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First Order Derivatives: 
For a function of two variables there are two first order derivatives, For example if z is a 
: ae OZ 
function of x and y then the first order derivatives are — = z, = F (a y) and 
ox 


O 
oy 


oo Fy (% y). These derivatives are also functions of x and y. 


Second order and Higher order derivatives 


For functions of two variables there are 3 second order partial derivatives which are defined 


as 
@z_ O(a) 2.,)_, 
On OX OL) On 
Oz O( & Ce eae 
dy dyldy}) dy ~*~ ” 
Oz 0 02:) 0 
well cE ae 1 
Oxdy 2(2| an 8 Y 
ol 6(é 6) 
2 = (=)- (Z,) = 2, (2) 
Oyox Oy\ ox) Oy 
2 2 
Generally ES Oe 
Ox0y Oyox 


The Higher order derivatives are recursively defined as 


Oz (az . 
=a or 


Ax*dy? — Ax* | ay’ 

Problems 
1) Find the first and the second order partial derivatives of z=x° +3y—y’ —3x. 
Solution: 

0 0. 

% 337-3, 2=3-3y' 

Ox oy 

az oO 5 

— =— (3x° —3)=6x. 

oxo 
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az @ 


— =—(3-3y’)=-6 
2 
(a) re = 23-35) =6 
OxOy Ox 
2 
Oi = Bahay 2G 
Oyox oy 
2 2 
2) If z=xcos y— ycos x, then prove that o% = 0% 
Oxdy OyOx 
Solution: 
Oz : 
Let —=cos y+ ysin x 
ox 
a2 _ 8 (a 
Oxdy Ox Oy 
Oh aie — cos x 
é etn 
OTe x0 ; 
Ne =—(-xsin y—cos x) 
OxOy Ox 
=— siny + sinx (1) 
se Bla] 
Oyox Oy\ Ox 
= © (cos y+ ysin x) 
oy 
=—siny + sinx (2) 
Rie ae 
“"@xdy dyax 
Oz Oz 


3) Prove that —~ +; =Ofor z=e* cos y 
Ox” Oy 


Solution: 
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Se cos y 
Ox 
2 
— = —(e* cos y) =e" cos y (1) 
x 
as =-e* sin y 
ey 
az 6 ; 
— =—(-e’ sin y) = —e* cos 2 
ay 3y | y) y (2) 
2 2 
(1)+(2) > CEE acy rae. 
Ox Oy 


Ou Ou Ou 


4) If u=l +by) find —-,—, 
Melee (ae) Ax ’ Ax?” Axdy 


Solution: 
ou a 
Ox ax+by 
ou_ sib 
Oy ax+by 
CU 8) alaeey me 
Ox Ox : 
= BBE ase cya 
2 
oe Tax + byy"] 
oy oy 
—p? 
NG ONE) apes 


Oud b 

Oxdy Ox\ax+by 
O 

= —(Dlax+by]' 
5, (Ol yT") 
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= b(-1)(ax + by)” (a) — warn 


> 30 ks 0 
5) Verify = 
Oxdy OyOx 


for u=sin | (y/x) 


Solution: 


seaG ~y?)? (2x) 


—Xx 

(ayy? 0 
Zan ye yy 
Oyox Oy\ x 


-+1(Z}« y?)? (2y)t (2-4 
x 2 


Sali yey) 


Be 25 
(x -y’) 
aX. 
===; (2) 
(x? -y’)? 
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Hence = 
OxOy  Oydox 
3 3 
6) If w= x° , Show that = = ou 
Ox Oy OxdyOx 

Solution: 
Given u= x’ 

Ou, 

—=x logx 

oy 


Ou Oru 


au _ 0 (du 
Oxdy Ox\ dy 


J 1 
= yx” logx+x.— 
i 


> i (ylog x+1) 
Ou 7 Een Ou 
Ox*dy Ax\ Axdy 


=<[2" (ylogx+1) | 


sae 
OyOx Oy\. 0x 
=x’ '+ yx" 'logx 


=x" '(ylogx+1) 
Ou Of Ou 
ax*dy Ax\ dxdy 


= <[e (ylogx+ 1)| 
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(1) 


(2) 


Ou _ Ou 
Ox’dy OxOyOx 


Hence 


7. If z=e**” f (ax—by), show that nas + pd = 2abz 
Ox oy 


Solution: 
Differentiating z partially with respect to x 


& 


; = sj "(ax —by)a 4 f(ax—by)a ently 
X 


bo =ab pew [.f (ax—by)+ f (ax—by)| (1) 
x 


Differentiating z partially with respect to y 


az 
oy 


=e” £ (ax—by)(—b) + f (ax—by)b ee” 


0 
az = ab er [ f (ax—by)+ f (ax by)| (2) 


Adding (1) & (2) 


b & +a Geis 2abe**” f (ax —by) 
x oy 


= 2abz 


Exercise problems 


0 0 
1. Evaluate oa and ae if z = log (x° + y’) 
Ox Oy 
oe tar oz 
2 If z=tan- find — and — 
x+y x Oy 
; 0 ‘ 
3. If z = sin3xcos4y, find eo as 
Ox Oy Ox 
0 fo) 
4. If w=x* + y* +3x’y’, then prove that pues yo =4u 
Ox oy 
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az 102 


5. If z = sin + ax), then prove that —~=a~ —~— 
(y ) Ox? oy’ 
: 0 : 0 ; 
6. If x=rcos@, y= rsin@, then prove that = =-rsing, ats =rsin0d 
00 00 
: oO O&O 
7. If x=rcos@, y=rsin9@, then prove that —~+—~=0 
Ox” Oy 
Ou ou oO 
8. If u=x’ y+ y°z+z°x, then prove that Eee a H a(x ty+z)y 
Ox oy 
om oe 
9. If u=x° + y° —3axy, then prove that Later 
Ox0y OyOx 
=2 0 0 
10. lf f aa a then find oe and of 
xt+y Ox Oy 


Answers: 


OZ 2y OZ 2y 


ali: = : = 
Ox x+y dy x+y 
" a x +2xy =" OF Ne we eee 
Ox (xy) + Qty) Oy Gey ee ty) 
2 
3. Diageo, & _ _Asin3xsindy, 2 =—9sin3xcos4y 
Ox oy Ox 
sa OO Oe 


ax (x+y)? dy (x+y) 


HOMOGENEOUS FUNCTIONS 


A function in which every term is of the same degree, is known as a homogeneous function 


of that degree. 


Consider, 
fy) =a x" tax" y+..ta, xy"? +a, xy"! +a,y" (1) 


Since every term of this function has the same degree, it is a homogeneous function of degree n in x 


and y. 
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Examples: 
1) f(x, y) = ax’ + by’ + cxy is a homogeneous function of degree 2 
2) f (x, y) =x+ yis a homogeneous function of degree 1 


Now the expression (1) can be written as 


2 n 
f(x, y)=x" fe +a, [) +a, () bec (2) | which is of the form “F(2) 
x Es % x 


[or] 


Xx 


2 n 
f(x y)=y"\a,+4,, =) +45 =) teil =) which is of the form vol ) 
y y y y 


Thus, every homogeneous function of degree n in x and y can be expressed in the form 


vF(2) or ve[ =] 
ss y 


Examples: 
1) oa cos(2) is ahomogeneous function in x and y of degree 3 
x 
2) tan”! (2) is ahomogeneous function in x and y of degree 0. 
x 


TEST FOR HOMOGENEITY OF A FUNCTION OF TWO VARIABLES 


If f(tx, ty) = t’f(x, y) then f(x, y) is called a homogeneous function of degree n where n is any 


real number. 
The above equation is called Euler’s equation 
Example: 
Giise 


x+y 


f(%,y)= 


is a homogeneous function of degree 2 


(tx)? ie (ty) _ Px? a2 Py? z Pix + y’) 


Since f (tx, ty) = (tx) + (ty) tx+ty t(x+y) 
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=f? a) = f(x,y) 


X+y 
NOTE: 


If the numerator of a function is homogeneous of degree p and the denominator of the same 


function is homogeneous of degree q, then the degree of the function is given by, 
Degree of a function = degree of numerator - degree of denominator = p - q 


Example: 


Let f(x y= TT 


Nie 


1 1 
Here numerator -|. + ] = f(x, y)(say) 


f,(tx,ty) = oS + | = {" bi + sj 
lft 1\9 1 
fuesmy=[s'y'| 19s, ivy) 


1 
> Numerator is a homogeneous function of degree 6 


1 


1 1\2 
Denominator = G — ¥) = f,(x, y) (say) 


f,(%,1y) = - | = G [ _ al 


ie ey me LCVD ® ok 
f, (tx, ty) =t* [ = * =t* f,(%, y) 
. . é 1 
=> Denominator is ahomogeneous function of degree 8 
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1 


1 
f(x, y) is also a homogeneous function of degree ——— = — 


6 8 24 


APPLICATIONS: 


Homogeneous functions have enormous applications in various fields. It is applicable in 
projective geometry, differential equations, special function, calculus of variations, analytical 


mechanics, dimensional analysis, economics, thermodynamics and so on... 


LEONHARD EULER [1707-1783] was a pioneering Swiss Mathematician and Physicist. He 
made important discoveries in various fields like calculus, graph theory, number theory, physics and 
so on. His contributions were so numerous that terms like Euler’s formula or Euler’s theorem can 


mean many different things depending on the context. 


EULER’S Theorem on Homogeneous Functions 


Ou Ou 
If u(x, y) is homogeneous function of degree nin x and y then aro +y a =nu 
x y 


Proof: 


Since u is a homogeneous function of degree n in x and y, can be expressed as 


u= (2) (1) 


x 


Differentiating (1) partially with respect to x, we have 


Ou -«'F(=|[=3] (2 ]aum 
Ox x) x x 

St -- yet 2) ener 2 
Ox x x 


Sa aye(2) ens'e[ 2) (2) 


Xx 


Differentiating (1) partially with respect to y, we have 
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x 
(2)+(3) gives, gues pee = —yx"2 mF :) + x" = 
Ox oy x x x 
Se yn ( 2) =u 
Ox oy x 


Hence the theorem is proved. 


The above theorem can be generalized to homogeneous functions of any number of variables. Thus 


if u= f(%,,X,,....%,,) isa homogeneous function of degree nin variables x,,x,,...x,, then 


Ou Ou Ou 
x, FX, eee Xx. = nu 
Ox, Ox, Ox,, 
COROLLARY 1: 


If uis ahomogeneous function of degree n, then 


Ou 
oY exe 


Ou Oy 
x ——+2 +y’ —=n(n-lu 
ae yy? (n-1) 


Proof: 


Since u is a homogeneous function of degree n, by Euler’s theorem, 


Differentiating (1) partially with respect to x, we get, 
Ou du Oru Ou 
Xt t+ VY 
Ox” Ox ~ Oxdy Ox 
Oru Ou Ou 
ay re 


Differentiating (1) partially with respect to y on both sides, we get 


Ou Ou Ou Ou 
x ty—4 =n. 
Oyox ~ Oy” Oy oy 


2 2, 
spe gO Gy (3) 
Oyox ~° Oy oy 
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(2)x x+(3)x y gives, 


v Ou Ou Oru 5OUu ~(n-1) ot _. Ou 
ax? oO ey | gene a dy” ax ee 
2 2 2 2 2 
cag ee ye Gey ance = ce 
Ox Ox0y Oy Oxdy  Oyox 
COROLLARY 2: 


If v is a homogeneous function of degree nin x and y and if v= f(u) then 


Gi eh 5) 


ox ~ dy f'(u) 


2 2 2, 
7 OU Oru ,O0Uu fu) 
ll) x +2 + = g(u u)—1} where g(u) =n 
(ii) x3 Dien t t ag g(u)[g'(u)—I] g(u) Pw) 
Proof: 
. ; Ov Ov 
Since v is a homogeneous function, by Euler’s theorem, x — + ya =nv 
y 
Again since v = f (w), - =f, . =F 
0 0 
af (WS + yf WS = nf) 
Ox oy 
Cree ae = nf) 
ox ~ dy f'lu) 
Taking am = g(u) 
we get x—+ Oe (u) (1) 
x ae . 
Differentiating (1) partially with respect to x, 
Ou Ou Oru Heyy 
ax x Oxdy 8 ax 
Oru O° Ou 
=> xt yo =f e'u)-1]— 2 
5 *Y Gay lS ON, (2) 


Differentiating (1) partially with respect to y, 
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Ou Ou ou 1. Ou 
x PY ot = 8M) 
Oyox ~ Oy Oy oy 
2 2 
ehee eu ay awa (3) 
Oyox ~ Oy oy 
Ou Ou Ou Oru Ou Ou 
2)xx+(3 Sy ay + y? —=[2(u)-1]| x—+ y— 
OND re ox oO seby Byes oy? [g'@) |= at] 
Ou Ou Ou 
ma HQ Lye =[g'u)-1 
aw ) aay y ay? [s'w-l] gw) 


APPLICATIONS: 


Euler’s theorem on homogeneous function is applicable in Lagrangian Dynamics, useful in 
developing thermodynamic distinction between extensive and intensive variables of state and 
deriving Gibb’s-Duhem relation [energy form of Euler’s equation] Also useful in production 


economics theory. 
Examples 


1. Verify Euler’s theorem for the following functions 


1 1 


44 4 
(i) 3x°yz+5xy°z+4z* ii) = Z (iii) x? loe( * | 
x5 + ys * 
(iv) sin =) + tan” (2) 
y x 
Solution 


(i) Let u=3x’ yz+5xy’z+4z* 


Then, CLS eee WE Awe OH ade one oe 
Ox oy Oz 


2 ga get Pie = x(6xyz+ 5y?z)+ y(3x"z+10xyz) + 2(3x’y + 5xy* +162") 
Ox ~ Oy 


= 6x yz+5xy°z+3x yz+1Oxy?z+ 3x7 yzt+5xy’z+16z" 
= 12x’ yz + 20xy’z+16z* = 4| 3x?yz+Sxy?z+4z" | 
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44 4 
(jijne 


x+y? 


Solution: 


i L r {» + | b pte ee 

t 44 4 Seasies 4444 
sigs orto TD ee 
(x+y) 1 {3 # | (x? +y°) 


1 
u(tx, ty) =t?°u(x, y) => u is a homogeneous function of degree = 


Differentiating u partially with respect to x, we get 


i me 1 Ae ee 
x5 } y? x4 x4 } y4 x?) 
Ou _ 4 5 
ox i aie 
af ee A payee 2 
— x4 x +y —— x5 x*+-y* 
ou 4 5 
x 


Ox A jae 


Differentiating u partially with respect to y, we get 


b Dos ftp 3 
x+y 4 x4 4 5 
aa (8 pot -[s eof 
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>x t = 
Ox ey i a 
x+y? 
if ip 

x4 4 y4 (4-3) im 
" oso. Ayer ys ed 
ar 20.2) 2) - 20 

x+y? x+y? 


.. Euler’s theorem is verified. 


(ii) w= 23 loe( ~) 
XxX 
y 


The given function is of the form x"F 2) => u is ahomogeneous function of degree 3 
x 


Differentiating u partially with respect to x, we get 
2 
a = z {=) loe( 2 ](3"°)= cae =x + 3x? me 
Ox (2) x x \ x x 
x 


os a =-x° 43x? le( =| (1) 


Differentiating u partially with respect to y, we get, 
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Ox ~ Oy 
goes ge =3x° loe( >) =3u 
Ou oy x 


Hence Euler's theorem is verified. 


(iv) uw = sin! =) +tan” (2) 
y x 
u(tx, ty) = sin” [=}s tan! (2) = sin! =) +tan™ (2) =u(x, y) 
ty tx y x 


=> u is ahomogeneous function of degree 0 


Differentiating u partially with respect to x, we get 


Oi. 2 Se I a 
ox 2 PN og? ae oa 
x ™ 1+(2) : ie. y 
1- : 


Differentiating u partially with respect to y, we get 


Ou _ 1 [=F 1 ()- —Xx " x 
ee | Pe ee ee 
- i-(2| Z 14(2] BD Gu yine ey 
Xx 


a 
pote x Y and Ou = -x | ee 
Ox y-x x+y Oy y-x x+y 
Se LANE case eer 
0 Ox 


.. Euler's theorem is verified. 


2. Ifu 42) evaluate geen ee 


x x Ox 


Solution: 


Since u = (2), u is a homogeneous function of degree ‘0’. 
x 
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, Ou Ou 
Hence by Euler’s theorem, x — + y— =nu becomes, 
Ox oy 


Ou Ou 
x—+y—=0 
Ox oy 
3. fwetates, find get gel gt 
y Zz Xx Ox Oy EZ 
Solution: 


be ty ot 
u(ix,ty,t2)=— +24 22742422 ux,y,0 
ty tz 


x y Z Xx 


=> u is a homogeneous function of degree 0 


Ou 0. ou 
Hence by Euler’s theorem, Nae + yo +Z z =0 
x 


oy oz 


4. If s=ws{2 ) Show that ge Ce by 
Ox oy 


Solution: 


Given a(ny)=ave(2) 1.2(t-9)=(6)(0) #(2) =P t(2) 


z(tx,ty) =7 rac. y) 
=> z is a homogeneous function of degree 2. 


.. By Euler's theorem, x — as + poe =2z 
Ox ~ Oy 


5. nae hee then prove that x yo ae u 
u 


x y OZ 


; 1 
Given — =x? + y? +2? >u(x, y, 2= 
u 


u(tx, ty, tz) 


1 
a ald 
etary eee +P y +02 Pty ee) (7 +y' +27) "piaia? Gee +y +z 


Solution: u (tx, ty,tz) =1 ‘u(x, y, z) 
=> u is ahomogeneous function of degree —1 
Ou Ou 


. By Euler's dees + y—+z7—=(-lDu=-u 
Ox ~ Oy 
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3 3 
+ 
6. If u =cos'(2 y } Prove that x + y= cot 


x eae x 
Solution: 
3. 3 3 
af x + + 
Given u=cos" ; ss > cosu=— = = v(say) 
x+y +y 


Then v is a homogeneous function of degree1 


3 3 3.3 | 43,3 By 3 3 
since, v(tx,ty) = a) (9) = = = S . oe 
H(ty) tx +t y P(x +") 


— 
~ 
tad 

” 

i 


v(tx,ty) =tv(x, y) 
(ie) u is not homogeneous, but v= cosu is homogeneous 


.. By corollary 2 of Euler’s theorem on homogeneous function, 


Ou ou nf(u) 


ar a Fw where f (u) =v =cosu 


Ou Ou n(cosu) 
+ y— =———_ = -cotu 
Ox Oy (-sinu) 


Hence proved. 


7. lf u in show that Ou _—y ou 
xtay 


Ox x Oy 


Solution: 


sinu = ve-Vy = vis a homogeneous function, since v(tx, ty) 
Vx+4/y 
_Nixm vy _ Vivx-Vy) _ ¥) 
xtJty ViWx+ Jy)” 


sa 


=> v=sinu is a homogeneous function of degree 0 


.”. By corollary (2) of Euler's theorem on homogeneous function 
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god 108 5 TG SO oh ener san ee: 
Ox oy fiw cOsUu 


CH _ gee (or) Ou —y Ou 
oy 


Ox Ox =x Ox 


Hence it is proved. 


If u=e**” Prove Saige se = 3ulogu. 
x oy 


Solution: 


uis not homogeneous as u(tx,ty) # t”u(x, y) but logu = x* + y’ =v is homogeneous, since, 
v(tx, ty) = (tx) +(pY = Px? 4+ Py =P OX? + y) =P, y) 
=> v is homogeneous of degree 3. 


. By corollary 2 of Euler's theorem on homogeneous function, 


ou , au _n fw — 
eae s Fw where f (uv) =v =logu 


= 51084 — au logu 
u 
Ou Ou 
> x—+ y— =3ulogu 
Ox oy 


2 2 2 
9. if u=xsin| ~ | prove that x” aan 2xy ig. y ae) 
x Ox Oxdy Oy 


Solution: 


u(x, y) = xsin” [ 


eS 


) => u(tx,ty) = txsin” (2) 
1x 
u(tx, ty) = txsin () =tu(x, y) 
x 


Given =>u is ahomogeneous function of degree 1 


.. By corollary 1 of Euler's theorem on homogeneous function, 
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5 0'u Ou 50Uu 


x +2 + =n(n-l)u 
Ox? se Oxdy z oy’ me) 
2 2 2 
sggad + 2xy ou $5922 26 
Ox OxOy Oy 
x+y 
10. ifu=tan' =") then prove that 
x—y 
(i) goes. Lae 
Ox ~° Oy 
Ou Ou 2 Oru 


(ii) x? +2 = sin 4u —sin 2u. 
Ox? ss Oxdy ¢ dy" 


Solution: 


Ey 


3 
{x ; 
Here u=tan' =) is not homogeneous, but 
x—y 


xy 
tanu=v= 


x=y 
Posey A (e+y") 
ix—ty t(x-y) 
=> v is a homogeneous function of degree 2. 


is homogeneous. 


Also v(tx, ty) = =t’v(x, y) 


. By corollary 2 of Euler's theorem on homogeneous function, 


gg TE) 
ox ~ dy fiw) 


(1) 


Where f(u) = tan u 


Ou Ou Ou 
d : +2 + 2 — ' =| 2 
an x ae Dey y By g(u)[g (u) | (2) 
Where g(u)= nf (H) 
fu) 
(1) become ey he lle soca 
Ox oy sec’ ue COSUusec’ u 


= 2sinucosu = sin 2u 


136 


(ie) get +y oy = sin 2u. Hence (1) is proved 


Ox 
2 2 2 
(2) becomes, x° . + 2xy oe ag 7 = (sin 2u)[2cos 2u—1] 
Ox Ox0y Oy 
= 2sin 2u cos 2u — sin 2u = sin 4u — sin 2u 
(using 2sin @cos @ = sin 20) 
2 2 2 
= Poo Oxy au + yo = sin usin 2u 
Ox Oxdy Oy 
Hence (ii) is proved. 
11. Ifu= val) +2), then show that 
x x 
2 
(a) (a) 
u 20U _ 0 


OU Ou y 2 OU 
1) x—+x— =x} — li) x —+2 + 
(i) py 2] (ii) ae Bray y oy? 


Solution: 


(i) Letv=s6[ 2), o-v(2}=x(2) 
Xx x x 


Then v is a homogeneous function of degree 1 and w is ahomogeneous function of degree 0 


(1) (By Euler's theorem) 


Ov Ov 
>x—+y—=v 
Ox 0 
gue +y ae =0 (2) (By Euler's theorem) 
Ox oy 
Butu=v+@ 


kOe ge et 
Ox oy Ox oy 


Hence (i) is proved. 
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(ii) Similarly since v and w are homogeneous functions, by corollary 1 of Euler’s theorem on 


homogeneous functions, 


Ov Ov Ov 
ee D — + = =n(n-1l)v=0 3 
age axdy y ay? (n—-1) (3) 
Me) oo Ov 
x +2 +y’ —=n(n-lw=0 4 
Ox? ad OxOy oy’ oe 
Ov Ov ,0v xo 40’v 


3)+(4)> x +2 
aa ar a a 


2. 2 2 
a OS ou a 2G 
Ox OxOy oy 


Hence (ii) is proved. 


12. If p+ig= (x-iy) and u = E. prove that eee ee =0 
qd Ox oy 
Solution 
Given p +ig = (x = iy)’ 
ptigq=x° —2ixy-y* =(x — y*)—2ixy 
Equating real and imaginary parts, 
p=x'—y’, q=-2xy 
ee ee a yx 
q  —2xy 2xy 
2 12 2 _ (ry)? 
Now u(x, y) = ae “. U(tx, ty) = Oy =e 
2xy 2(tx)(ty) 
Py —Px P(y? — x”) 2_ 
=> u(tx,ty) = 2 iat tide ies) 
2t° xy 2t° xy 2xy 


> u(tx,ty) > u(x, y) 
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.u 1s ahomogeneous function of degree 0 


.. By Euler's theorem, got +y a! =nu=(0u=0 
Ox oy 
Ou Ou 
>x—+y—=0 
fa) oy 


Hence proved 


Exercise Problems 
PART A 


1. State which of the following functions are homogeneous. If so, find the degree. 


3 3 
(i) x°y +x ji (iii) xy + xy” 
x+y 
3 3 
(iv) an La ) (v) x sin( = 
x-y x 


2. Give an example of a homogeneous function of degree “—1”. 


3. pyle. Gray eee 
Ox oy 
2 ane, 
4. ifu=sin| ~~» —* find x M4 y 4 2 
xy + yzt 2x Ox “Oy & 
5. Ifu=x*y sin (2) fas yo 
x Ox oy 


6. If z=tan | (2) +cot| = |+sin} ~ |+ i then prove that ga + jf =0. 
x y y x Ox ~ oy 


PART B 


7. Verify Euler’s theorem for the following functions: 


959 = 
(i) ax? + 2hxy + by? Go (iii) = Wee 108 y 
x+y y x 
(iv) x? cos{ >) 
X 


2 2 
i + 
8. If u=sin' ier a , show day 2 4 ep, 
x+y Ox Oy 
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+y t+ 
9. If u=log eee iowita ages Che =3 
x+y +z Ox Oy OC 
oh Ou Ou 
10. If w=sec' then prove that x — + y— = 2cotu 
x+y Ox oy 
11. It t=cos'| 27% sioye tai so | cot =0 
Vx ty ox ~ dy 2 
2:12, 2 2 
0 0 0 0 
12. If u= ~ >, show thatx + y= x ~ + 2xy Tae 
Ox oy Ox Oxdy 
2 2 2 
13. If u = sin 2) prove that oH say ou + ae =0. 
x Ox Oxdy oy 
2 2 2 
14. If w= , show that x22 4 2424 py 20. 
x+y Ox OxOy oy 


15. If u= (2) ie +y, prove that x + ye =afx? + y? 
x x 


2 2 2 
16. If u=sin”| > | evaluate x” g a + 2xy a, by g 
x ox OxOy oy 


17. If vis a homogeneous function of degree n, prove that 


ul ul 
i = 1 
oar Ox0y aw i 
Oru Ou 
7 Ou 12 
oar 5 Yay? (n 5 


1 


n(2x° ye xz)? 


18. Ifo =log, sin ; 


2(x? +xy+2yzt2")3 


when x=0, y=1, z=2 


19. Ifut+iv=(ax+ iby) , prove the following: 


(xs yA aay Gp ae a 
oy Ox oy 
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, find the value of x ae + 


ily? 5OUu Ou OU . 2 
20. If u=tan | — | show that x° — + 2xy +y —, =—sin 2u sin” u 
x Ox OxOy oy 
1 
it 2/2 
bt 34 y3 
21. Given u=sin'| ——— Show that 
x2 +y? 
(i) ge sce at anu 
Ox oy 12 
2 y 2 
Gy 2 Ou _ tan (13 4 tan?u) 
Answers: 
1. (i)Homogeneous, 3 (ii) Homogeneous, 2 (iii) Non-homogeneous 


(iv)Non-homogeneous (v) Homogeneous, 2 
3.0 


4.0 


TOTAL DIFFERENTIATION 


Introduction 


The total derivative of a function f is the best linear approximation of the value of the 


function with respect to its arguments. Unlike partial derivatives, the total derivative approximates 


the function with respect to all of its arguments. The term “total derivative” is used only when f is a 


function of several variables. Where f is a function of single variable, the total derivative is the same 


as the derivative of the function. 


fo) fo) 
1) If z = f(x, y) then the total differential of zis given by dz = 5 a + ra ‘ 
x 


y 
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2) If z = f(x,y), where x and y are continuous functions of another variable t, then the total 


differential coefficient is given by 


dz _Ozdx , 0z dy 
dt Oxdt @y dt 


3) lf z= f (u,v); where u and v are functions of other variables x and y, then the partial 


derivative of z with respect to x and y are given by 


Oz Oz Ou Oz OV 
— —+ ee 


ax Gu ax av ax 


ar _ 8: Ou , de dv 
Oy Oudy Oovoy 


of 
d as 
4) If f (x, y) =Ois an implicit function of x then the derivative ON = ae 
dx of 
oy 
The second order derivative 
d’y ae pt—2pqst+qr 
dx g 
0 0 O° 0 0” 
where p= ‘i Dee dee of t= L 
Ox Oy Ox Oxdy Oy 
Examples 
1) If uw = sin(xy), express the total differential of u in terms of those of x and y. 
Solution: 


Given u = sin(xy”) 


tig = OE eae dy 
Ox oy 


Now, Ole cos(xy?) x y* 
Ox 
= y° cos(xy") 


ee cos(xy*) x 2xy 
ey 


= 2xycos(xy’) 
“du = y’ cos(xy’ )dx + 2xycos(xy")dy 
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du . 
2) Find ifu=x°y’+x°y*, where x=at’, y =2at. 
t 


Solution: 


Given u=x°y’+x’y* and x=at’, y =2at 
du Ou dx | ou dy 
dt oxdt oydt 


Now, a = 3x" y? +2xy° 
Ox 


OH igs 


du _ 
dt 
=(12a‘1° +16a‘r*)2ar+(4a‘r’ +12a°t° )2a 


(3x7 y> + 2xy*)2at + (2x? y+3x’y?)2a 


= 24a°t’ +32a°t° +8a°t’ + 24a°t° 
= 32a°t' +56a°t® 
=8a°t® (4 +7) 


3) Find “ if u=log(x+ y+z), where x =e", y=sint, z=cost. 
t 


Solution: 


Given u = log(x+ y+ z) andx=e"', y=sint, z=cost. 


du _ Ou 0x | Ou dy | Ou & 
dt oOxot OyOot Oz Ot 


Ou 1 
Oy x+y+z 
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Ou _ 1 
Oz = xtytz 
a e'; De eat, Le 
dt dt dt 
du —e cost sint 
. Ss SS ante EOS SR 


“dt xty+z X+y+zZ x+yt+z 


—e '+cost—sint 


x+y+z 


—e '+cost-—sint 


e'+sint+cost 
: dy : : : : 3 2 2 —_ 
4) Find ke using partial derivatives when x° +3x°y+6xy +y =1 
ix 


Solution: 


Given x° +3x°y+6xy’ + y°-1=0 


f(xy) =x 43x y+ Oxy +y?-1 


Wf 3,2 6xy+6y" 
ox 
OF 35? 4 122y43y? 
oy 


edly. 3x? + Oxy + 6y" 
dx 3x7 +12xy+3y? 


aa + 2yx+ 2y | 
al a +4xy+y? | 
[x7 + 2xy+2y? | 
Ee + 4xy + y? | 


di 
5) Find = when u = sin(x° + y’), where x° +4y* =9. 
x 


Solution: 
Given u =sin(x° + y*) and x° +4y? =9, 
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du ou , Ou dy 


dx ax dy dx 


Now, Ou = cos(x* + y’)x 2x 
Ox 
= 2xcos(x’ + y’) 
Oe cos(x* + y*)x2y 
oy 
= 2ycos(x° + y’) 


Differentiating x° + 4y° =9 with respect to x, 


dy aay 20 
dx 
dy 
8y—=-2x 
on 
dy _-* 
dx 4y 


. du = 2xcos(x* + y’) + 2ycos(x* + y’) x se 
dx ay 


= 2xcos(x* + y7)— 5 costa? +y’) 
= costs’ +y’). 


6) Ifu= f(x- y, y—z, z—) Prove that 


Ou Ou Ou 
—+—+ —=0. 
ox Oy OZ 


Solution: 
Given u = f(x-y, y-z, z—-X) 


LetA=x-y;B=y-z; C=z-x 
“.u= f(A, B, C), where A, B, C, are 
functions of x, y, z as assumed 

Ou Ou 0A | Ou Oc 


Now = 
Ox OAOx Oc Ox 
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Cu Ot Oe 1 
ox OA Cc (1) 
Ou Ou 0A , Ou OB 
dy OA dy @B éy 


Ou Ou OB Ou Oc 


= 
0z OBOZ Oc 


From (1), (2) and (3) we have 


Ou Ou Ou Ou Ou Ou , Ou cu OU _» 


ax dy Oz OA dc OA OB OB oc 


7) lfu=f a a eS Prove that Vix =0. 
y Z x Oz 


Solution: 
Given u = f cues 
y zx 
(ine Ee Cae 
y Zz x 


“.u= f (A,B,C), where A, B,C are functions of x, y,z as assumed. 


_ [Ou Ou OA , Ou dc 
“lax GA ax ac ax 
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_ oul _ Ou eae 
x 


OA y  @c ae 
_lou zou (1) 
y0A x’ &c 


Ou Ou 0A , Ou OB 
dy OA dy @B éy 


ou —-x ou l 
=—x x 
OA y OB z 
y GA z6B 
ie as. Ou we 
~ BB PS * Be x 
eS eee 1 Ou (3) 
z OB x ac 
.. From (1), (2) and (3), we have 


yOA x Oc 
,, rou, y Ou 
y OA zoOB 


Pee et) 
z OB x0 


x—+y—+ 


ou Cu ote xOu Z ou 
ox ~ Oy ve 


Heese act Pi =0 
Ox ~ Oy 
8) lf z= f(x,y), where x=u+v, y=uv, prove that 


Solution: 


Given z= f(x,y), where x =u+v, y=uv. 
Oz _0z Ox OZ Oy 


du Ox du Oy Ou 


Oz _ Oz Ox _& oy 
dv Ox dv "Oy ov 
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Ou Ov Ox Oy Ox oy 
er i 
Ox oy 
Ox oy 
9) If z= f(u,v), where u=x° —y’ and v= 2xy, 
2 2 2 2 
Prove that (=) + as =4(x° y’) (=) (2) 
Ox oy Ou Ov 


Solution: 


Given z= f (u,v), where u = x° — y” and v = 2xy. 


0z Oz Ou Oz Ov 
Ox Ouox Ovox 


Oz _ Oz Ou Oz Ov 


dy Gudy vey 


az) (2) (2) Oz Oz 
=4 +4 +8 1 
(=| * Ou e Ov ce, Ov (1) 


2 2 2 
_,( & =4y'(&) | +() ie 6z Oz 2) 
Oy Ou ov Ou Ov 


“. From (1) and (2) we have 
ay (a) 7. rfl&)Y 7. fey 
aa eos) 
oan ac) _ ap ca OZ) A COz\ 
) (5) HL) (3) 


10) If z=f(x, y) where x=Xcosa—-Ysina and y=Xsina+Ycosa@_ show that 


Regt Reg Mb hagg 
Solution: 


Given z= f(x, y) and x = xcos@ — ysina 


y=xsina+ycosa 


Oz O0zO0x Oz oy 
soe ee ey, 


Now |—— = 
OX OxOx OyOx 
oz oz. 
=—cosa+—sina 
x oy 


Or 3 
=cosa—+sina 


OF cee eu OF, dc? On 
=| cosa —+sina— || cosa —-+sina — 
x oy x oy 


2 2, 2 
Zz . Z : Z 
=cos’ a—>+2sina cosa +sin° a— (1) 
Ox Oxdy Oy 


0z Oz Ox | Oz Oy 


Similarly 
Oy Oxdy Oy dy 


— Oe sina@)4 Lae 
Ox Oy 


. oO 
=-—sina—-+cosa 
x oy 
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_% _ Of &% 
dy éy\ ay 


PaaS ©: 0 ef 5G Oz 
=| -—sina —+cosa — || -sina—+cosa— 
Ox oy Ox Oy 


2 2 2 


1 OZ : 
= sin’ a—>—2sinacosa +cos” a— 
Ox Oxdy Oy 
.. From (1) and (2) we have 
2, 2 2 2 
Oe OZ _ (cos? a tsin? a) 2% +(cos? a+ sin? a) 22 
Ox” Oy Ox 0 
ex Oy 


11) If z= f(u,v), where u =/x + my and v =ly — mx, 
2 2 2 2 
Show that Bee eit) eae 
Ox” Oy Ou™ Ov 
Solution: 
Given z = f (u,v) and u =lx+my, v=ly—mx 


Ge _ de Gu , Be Ov 


Now + 
Ox Ouox Ovox 


2 2 2 
AS daar ces (1) 
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Similarly 


Oz _ Oz Ou , OZ OV 
Oy Ou dy | Ov Oy 


OZ Oz 
=—m+—l 
Ou Ov 
[oz _ Of & 
dy’ dy\ by 
O50 i Oz =) 
=| m + | m + | 
Ou Ov Ou Ov 
ms om 2 4 pO (2) 
Ou? Ouov ov? 
.. From (1) and (2) we have 
Oz 07z 2 2 Oz 2 2 0’z 
—+—=(l°+ +(1 — 
Ox? dy? ( me V5 ( - lee 
=( +m’) oe ae 
dy ev 
EXERCISE: 
1) If f(x,y) =x° +xy+ y’, where x=rcos@, y=rsin@, then find Sand on 
Yr 
Bc 3 : du 
2) lfu=x +y, wherex=a cost, y=bsint,then find aE 
t 
JX ' 4 . , du 
3) If w=sin—, x=e', y=t’, then find —. 
y dt 
2 t -t du 
4) If u=xyz, x=t', y=e’, z=e ,then find a 
t 
5) If u=e*siny, x=st’, y=s°t,then find Oe and ge: 
Os Ot 
6) Find ay if x? + y? =3axy 
dx 
7 dy . 2 2 = 
7) Find eee +xy—y +4x-2y+1=0 
Ix 
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8) 


9) 


10) 


11) 


12) 


13) 


14) 


15) 


16) 


17) 


18) 


19) 


If zis a function of x and y, where 


Oz Oz Oz Oz 


x=e"+e" andy=e“-—e’, then show that =X y 


du dv Ox ~~ dy 


If x=u+v+w; 


y=vw+uw+ uv; 
Zz =uvw and 
F = f(x, y,z),then show that uF, + vF, +wF,, =xF, + 2yF, + 32F, 


Ifu=f AS) Hhenpravethahge ey 0 
yee a éx Oy. & 


lou lou, 1ou_ 


If u Sie Voy Sez |, then prove that 


xOx yoy z& 


If z= f(u,v), where u=x+ y and v= x—y, then show that 2z, = z, +g, 


Lin aoe Aaa a then show that Ba +. oc ee 
xy x a Oz 


Oz Oz 


lf z= f(x,y); x=ut+v, y=w, then prove that w <=+-y Vt ae) 


y Ox 


lf u= f(x,y), where x=rcos@ and y=rsinJ@, then prove that 


(u,)° +(w,) =(u,)' +(e)? 


r 


If f = f(u,v) and u=e* cos y; v=e" sin y, then prove that 


oF OS eay ote fe of 
Ox” Oy ou> Ov” 


If x=ucosa—vsina, y=usina@+vcosa, then prove that 
(2) 2-2-8) 
du)  \av ax) oy 


If u=u(x, y) and x =e’ cos@; y=e’ sin8, 


=e |(u,)° +(u5)’ | 


2 


then show that (u, y + (u,) 


If u=u(x, y) and x=e' cos@; y=e’ sin @, then show that uw, +u,, 
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4 
ay 


=r 
=e [ +u, | 


20) z= f(u,v), where u=coshx cos y and 
v=sinh xsin y then prove that z,, + z,, = [ sinh? x+sin’ y| [Z,,, + Z,J]. 


21) If z= f(u, v) where u = x’—y’, v= 2xy, then show that 


Oz Oz 


Oz & 
Fo ga E 5] 


du? ‘ av? 
ANSWERS: 
1) r(2+sin26); r* cos20 
2) 3cosrsint| b° sint — a’ cos t| 
t t 
3) ooo S) 
4) 2t 


ae 2 é 2 5 2 2 5 2 ; ‘ 4 
5) te" sins°*t+2st e” coss*t; 2ste’ sins*t+s’e" coss’t. 


2 

ay—x 

ee 

yan 
7) - 6x+y+4 
x-2y-2 


TAYLOR SERIES 
Introduction: 


Classically, algebraic functions are defined by an algebraic equation, and transcendental 
functions are defined by some property that holds for them, such as differential equations. One may 


equally well, define an analytic function by its Taylor Series. 


Taylor Series is used to define functions and “operators” in diverse areas of Mathematics. In 
particular, this is true in areas where the classical definitions of functions break down. Using Taylor 


Series one may define functions of matrices, such as the matrix exponential or matrix logarithm. 


In other areas, such as formal analysis, it is more convenient to work directly with the power 
series themselves. Thus one may define a solution of a differential equation as a power series which 


is the Taylor Series of the desired solution. 
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Definition: 
Taylor Series expansion of a function f(x,y) in powers of x and y at (a, b) defined as 
Fy) = [ab)+14=a) f,(ab)+(y-b)f (a,b)] 
+ [r= a) f(asb)+ 2a yb) f., (a,b) (yD) f, (b)] 
Moa) fa (asb)+38—a)"(y-B) fa, (asb)+ 38 ayy bY 


fgy (a,b) + (y— bY’ fy (a,b)] +... 


Example 1: Expand e* cos y in powers of x & y as far as the terms of the third degree. 


Solution: 

Given f (x y)=e* cos y f (a,b) = f (0,0) =1 
Fee cay £(00)=1 
fa (%y) =e" cos y f,,(0,0) =1 
Fox (*¥) =e" cos y fen (0,0) =1 
f,(%y) =—e* sin y f,(0,0) =0 
fy (% 9) =e cos y f,, (0,0) =-1 
foyy (49) = e* sin y Fy (0,0) = 0 
fy (2. y) =e" sin y f,,(0,0) =0 
fray (4 Y) =e sin y fn (0,0) =0 
Foy (4) =—€* C08 y fy (0,0) = 1 


Taylor series of f(xy) in powers of x and y is 
f(x y)=f (0, 0) +L, (0,0)+ yf, (0.0) }+[* f.(0,0)+ 2xyf,, (0,0)+ yf, (0,0) | 


ioe ‘ 
+L Fox (0,0) +32" yf, (0,0) + 3xy" f,, (0,0) + y fiyy (0,0) ]+... 
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e* cos y=1 [1 y.0] aie + 2xy.0+ y7.( 1)| 


refx t 3x7 y.0+ 3xy?.(-1)+y*.0] 


1 1 
=] ; 5 (2 y)4 rica 3xy") fees 


Example 2: Expand x” in powers of x and y near the point (1,1) up to the second degree terms. 


Solution: 

Given f(x,y)=x° (a,b) =(1,1) 
f(sy)ax f(L1)=1 
f(x,y) = yx f,(11)=1 


f,(x%y) =x log x |: “ =a‘ log | f, (1,1) =0 
x 


faa (%s¥)= y(y-1)x”” fue (11)=0 
fry (59) =2° (log x) fy (11) =0 
Foy (49) = 2 +yx"™ log x Ff, (41) =1 


Taylor’s series expansion of I y) at (1,1) is given by 


F(%9) =F (IN) +[(x=1) FL) +(y =F, (0) 


+f (1) Fox (Io) +2(x—1)(9-1) fy (LI) +(9-1)' fy (1) |+--- 


x =14[(x-1).1+(y 1).0}+5[(0 1'.0+2(x-1)(y-1).1+(y-1)'.0| 
=1+(x-1)+(*-1)(y-1)+..... 


: a 
Example 3: Find the Taylor Series expansion of e* sin y near the point € *) , 


Solution: 


Given flay sin y («.6)=(-1.4] 
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=€3 a eee 
f(x y)=e sin y s( 2) oR 


i 1 
rpm ahi 
i 1 
tints see 
i 1 
atin -ataek 
f,(%y) =e" cos y " [-.2)-— 
fy (xy) =—e* sin y f, (-1.2)-— 
=f 
yy (%.9) = —e* cos y = -1 *) ” — 
fy (4%) =e" cos y fa(-14) = 
1 
Sey (4 y) =e" cos y fa){-hE}=—5 
ae (x, y) =-e" cos y fs [-14) _ = 


i 413 Fe, 5 ie n | Bes 
tlt) FasL) +304 (YF) Fay LF) + 3+ DOF) 


[a . Tl .3 a ; 
)+(y D> Tok 1, tH. 


(1, 
foy(LZ 


Eh ees ee ee ( cave 
sae tae cr le eh 


! 2. 1 WT 1 I .5 
tI”, + 2(x+1 
ae m5) (x+ Diy - ide (y rh a 
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WT 


1 a. 1 m., —l 
+ 3(x +1)’ +3(x+1 : ; EY 
a) (x+]1)"(y » edd (x+)(y ee ae (y re 3 ] 


1 3 
anere 


a 1 2, a I 5 
= pile t[(e+l)4 (y ae + 2(x+ Dy 5 (y re 1] 


1 3 2 WU A> 7.3 
Tan +3(x+1) ep OI) = 3) J+... 


+h 
Example 4: Expand Gays) in a series of powers of h and k up to the second degree 


xth+y+t+k 
terms. 
Solution: 
(x+h)(y+k) 
Let th,y+k)= 
et (# e ) xt+tht+ytk 
; a We 
Af) 5, 


Taylor’s series of (x+h)(y+k) in powers of A and k is 
f(xth,y+k)= f(x, yealn aa ‘ZI, 


MOF one OF Pt |, sth (1) 
2! Ox? OxOy oy 


(x+ y).y-xy.1 a 
N b 2 2 _ = 
ow, f(%9) (x+ y) (x+ y) 


= -Gey)a—~.L.. x 
OO ey Gy 
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(x+ y) 2yy?.2.(x+ y) 


fa(~my)= (x+y) 
2 2xy 
(x+y) 
sei is y) O- y*.2.(x+ y) -2x° 
Fal .y) (x+y) (x+y) 


Using these values in (1), we have 


(x+h)(y+k) xy ty” key? 

Pee = ee a 

xtht+yt+k x+y (x+y) (x+y) (x+y) 
—Qhkey ke? 


3 3 
(x+y) (x+y) 
Example 5: Find the Taylor’s series expansion of x*y~ +2x°y+3xy° in powers of (x+2) and 


(y —1) up to the third degree. 
Solution: 


Taylor’s series of f (x, y) in powers of (x+ 2) and(y —1) is 


fy) = f(-2,D+ alte +2)f,(2,D+(y-DFf, (2,0) 
1 > 2 
Slt 2) Fa 24204 My-D fg (2D +O-D' F214 


1 3 2 2 
glEt DY Foc 2D) + 31+ 2)°(Y=D fg (24 3+ YD? Fgg 2D 


+(y-1)' f,, 2,1 +... (1) 
f (xy) ax? y? +2x? y+ 3xy? f (-2,1) =6 
f(x,y) = 2xy* +4xy+3y" f,(-2.1)=-9 
Ff, (x,y) = 2x7 y + 2x? + Oxy f, (-2,1)=4 
f(t y)=2y +4y fe. (-2,1) =6 
Fry (45 9) = 2x? + 6x fy(-2,1)=-4 
Fy (4) = 4xy + 4x4 6y fy (xy) =-10 
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Fox (% ¥)=0 fen (—2,1) =0 


io (x, y) =0 ee (-2,1) =0 
Foy (%y) =4x+6 is (-2,1) =-2 
Foy (Hy) =4y+4 fey (-2,1) =8 


Using these values in (1), we have 


1 
xy’ +2x° y+ 3xy" = 64 it 9(x+2)+4(y-1)] 


Example 6: Find the Taylor’s Series expansion of the function e* log (1+ y) near the point (0, 0). 


Solution: 
Given: f(x, y)=e*log(1+y); (a,b)=(0,0). 
f(x,y) =e" log(1+ y) f(0,0)=0 
f.(% y) =e log(1+ y) f,(0,0) =0 
fu (% y) =e log (1+ y) f,.(0,0)=0 
ACD oe f,(0.0)=1 
Solos) =e f,,(0.0)==1 
fol® 9) =F f.,(0.0)=1 
Taylor’s series expansion of e* log(1+ y) at (0, 0) 


e‘log(I+ y)= £(0.0)+=[nf, (0,0) + yf, (0,0) | 


+L fa (0.0) + 2anf, (0,0)+ y*f, (0.0)] +. 


1 1 

=04 7b y.1]4 ry + 2xy—-1]+.... 
2 

= yt to 
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Example 8: Expand e” at (1, 1) as the Taylor’s Series 


Solution: f (x, y) =e” and (a,b) = (1,1) 


f(% y)=e” 

f, Gy) = ye? 

fe y)= ye? 

Foy (as y) = ye” (x) +1” 
Ff, Oy) = xe” 

fy y)=3e” 


fA)=e 
f, LD =e 
f,,A,1) =e 
(1,1) = 2e 
f, (I) =e 


fy QD =e 


The Taylor’s Series expansion of f(x, y) at (1,1) 


is f(x,y) = FAD +=[(x-1) f(A +(9 


2! 


=Df, (1,1) | 


2 


+ [(%=1)° Fast) #2(2=1)(y=1) Fy (1) #(9 =I)’ Fy (a) 


1 1 2 2 
e” =e4 mG Det (y-De]4 TAG 1)°.e + 2(x-1(y-1).2e + (y-1) e| Bis 


(y-1)° 
2 


e140 D+ +o + (x —-I)(y-1)4 


a 
Example 9: Expand sin(xy)at [1.4] as the Taylor’s Series. 


Solution: f(x, y) =sin (xy) 


Ff, y) = ycos(xy) 
f(%, y) =—y’ sin(xy) 
fy (% Y) = —xy sin(xy) + cos(xy) 


f(x, y) = xcos(xy) 


fy (%,y) =—x" sin(xy) 


NY 
Il 
So 


of 
a 
= 
wfa 
N24” 
I 
| 
Nie 


e 
— 
w]a 


Pe 
| a. 

DC 
w]a 
Nee: 

I} 

| 
wa 


=-1 


St 
fo oN 
= 
w/a 
Wet ON ee 
ll 
oO 
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Taylor’s Series is 


r(ss)=(0§) +a] 94 (1§)+(9-$) (45) 


1 1 1 1 
sin xy =1+—[(x—-1).0+( ).0]+ —[w=1)? (—) + 2(x-D 
Ka 1! 2 2! 4 
a Ho 
E 1)]+... 
(y at 5) (y 5? & ) 
a a 
ae , A-Dy-3) a 
=] (x 1) fase ce 
2 2 
EXERCISE 
1. Expand e“ sin by at (0,0) as Taylor’s Series. 
; ; a 
2. Expand e* cos y in the neighborhood of (0.4) 
2x = A s 
3. Expand e* cos2 y in the neighborhood of 0,2) 
4. Expand tan(2] at (a,b) =(11) 
x 

5. Expand cos(x— y) up to second degree terms. 
6. Find the Taylor’s Expansion for e* sin y at [o =) up to third-degree terms. 
7. Expand 2x’ y+x+ y using Taylor’s theorem about (1,—2) up to terms of third order 
8. Expand x’ near (1,1) up to second term. 
9. Expand e“ sin by in powers of x and y in terms of third degree. 
10. Find the expansion for cos xcos y in powers of x, y up to second degree. 


11. Expand f(x, y)=2x° —xy+ y’ +3x—4y+l1 about the point (-1,1). 


12. Expand sin(x+h)(y+k) by Taylor’s Series Expansion. 
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1 
13. Expand e* cos y in the neighborhood of ( by) 


14. Expand x’y +3y — 2 in power of (x — 1) and (y + 2) up to third degree terms. 


ANSWERS 


1 2 2 3233) 
1. by +abxy += | 3a bx’ y—b’y +. 


Ae ee ae 

2 2 2 

5 Nays 4 a Vay ek 
2 2 

4. Z44[y—x]+4[e-D?-(y-DP I+ 

— . 2 


1 2 
5. i) Sees 


1 1 x. 1 1 1 
6. l+x+=x° -=(y-=) += -=(y-= 
5 5 ) 


7, —5—7(x-1)+3(y+2)—4(x-1) +4(x-1)(y+2)2(x-1) (y+2)+... 


8.14(x-1) +(x=1)(y-1) +(x) (y=1)+ 


9. by-+abay += Ga'bx*y-biy') +. 


2, 2 


(Oto e4 p. 
ae) 


11. —-2—2(x+D—(y—-1)4+2(x 4D? —(x4+ D(y-D 4+ (y— DY +... 


12 sin ay + (hy + kx) c0s ay + hk cos.xy == (hy + kx) sinxy+.... 


by GGG 


e 
13. 1+(x-l 
v2 ( -Y 21 4 4 


14. -10—4(x—1) + 4(y+ 2)—2(x—1)? + 2(x—1)(y +2) + (x-1)?(y +2) +... 
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MAXIMA AND MINIMA OF A FUNCTION OF TWO VARIABLES 
Introduction 


The problem of finding the maximum or minimum of a function is encountered in geometry, 
mechanics, physics and other fields which were the motivating factors in the development of the 
calculus in the 17" century. The calculation of the optimum value of a function of two variables is a 
common requirement in many areas of engineering, for example in thermodynamics. Unlike the case 
of a function of one variable we have to use more complicated criteria to distinguish between the 


various types of stationary points. 


To optimize something means to maximize (or) minimize some aspects of it. An important 
application of multivariate differential calculus is finding the maximum and minimum values of 
functions of several variables and determining where they occur. In the study of stability of the 
equilibrium state of mechanical and physical systems, determination of extrema is of greatest 
importance. Lagrange multipliers method developed by Lagrange in 1755 is a powerful method for 
finding extreme values of constrained functions. Numerous cases present, themselves, both in 
engineering theory and practice, in which the value of one quantity which depends on the former, 


has a maximum (or) minimum value when the former has the determined value. 
Definition 


Let f (x, y) be a function of two variables. Let (a, b) be a point such that 


f (a, b) > f (ath, b+k) in some neighborhood of (a, b), then we say that f(x, y) attains its 


maximum value at (a, b) and f (a, b) is called the maximum value of f (x, y) 


If f(a, b) is such that f(a, b) <f (at h, b+k) in some neighborhood of (a, b) we say that 


f(x, y) attains its minimum value at (a, b) and f(a, b) is called a minimum value of f(x, y) 


f(a, b) is said to be an extremum of f(x, y) if f(a, b) is either a maximum or a minimum value 


and (a, b) is called an extreme point. 
The necessary and sufficient conditions for (a,b) to be an extreme point: 


By Taylors theorem, 


Af =f (ath, b+k) — f (ab) 


=hf.(a,b)+Kf, (a.b)+(If, (a,b)+2hkf,, (a,b) +k’ f,,, (a,b)) 4s (1) 


For small values of h and k, the second and higher order terms are still smaller and may be 


neglected. Thus sign of Af =sign of [ Af. (a,b) +Kf, (a,b) | 
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Taking h = 0, the sign of Af changes with the sign of k. 
Similarly taking k= 0, the sign if Af changes with the sign if h. Since Af changes sign with h 
and k, f(x, y) cannot have a maximum (or) minimum value at (a, b) unless f, (a,b)=0=f, (a,b) ; 
Hence the necessary conditions for (a,b) to a extreme point are 
f.(a,b)=0, f,(a,b)=0 


If these conditions are satisfied, then for small values of h and k 
ly. 2 
Af = 5 fe (@.b)+2hkf,, (a,b) +k? f,, (a,b) +--+ 
== (i'r-+2hks-+kt) +... 
2! 


Where r=, (a,b), s=f, (a,b), t=f,, (a,b) 


Af = (nr + 2hkrs +k rt) +... 
2r 


= (ier + Qhkrs+k?s* +k? rt —k?s?) +. gah 
7 


: | (r+ ks) +4?(rt—5?)+.......| (2) 


-2r 
2. 2 3 2 2 , eats . 2 ‘ 
Now (hr +ks) is always positive and k (11-3 ) will be positive if rt—s° >Q. In this 
case Af will have the same sign as that of r for all values of h & k. 


Hence if rt—s* >0, then f(x, y) has a maximum/minimum value at (a, b) according as 


r<O/r>0. 


lfrt—s° <0, then Af changes sign with h & k. Hence there is neither a maximum nor a 


minimum value at (a, b). 


2 : : si 
If rt —s° =O, no conclusion can be drawn about a maximum (or) a minimum value at (a, b) 


and hence further investigation is required, (i.e. higher partial derivatives must be considered). 


Stationary values (or) stationary points (or) critical points 


of 


(a) 
A function f(x, y) is said to be stationary at (a, b) if =0,5=0 at (a, b). The stationary 
x y 


a 


points are the points at which — 


x oy 
Saddle points: 


If at a point rt—s’ < 0, then f(x, y) has neither maxima nor minima for the function. Such points 


are called saddle points. 
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Extreme value (or) turning value 


The value f(a, b) is said to be an extreme value of the function f(x, y) at the point (a, b) if it is 


either maximum nor minimum. 
Note: 


Every extreme value is a stationary value but a stationary value need not be an extreme 


value. 
Working procedure to find the maximum or minimum value of f(x,y) 
Let f(x,y) be a given function. 


Step 1: 


of 


Find —-= f, and of 
ox 


dy = Sy 


Solve the equations ia =0 and ay, = Oto find the values of x and y. These values of x and y 


gives the points at which maxima or minima exists. 


Let the points be (a,,b,), (a2,b2) etc. 


Step 2: 


i nS eC A 


Step 3: 


Calculate the values of r, s and t at each of the points found in step 1. 


i) If r<Oandrt—s* > QO, then f(x,y) has a maximum and the corresponding value of f(x,y) is 


called the maximum value. 


ii) If r>Oandrt—s* >0,then f(x,y) has a minimum and the corresponding value of f(x,y) is 


called the minimum value; 
iii) Ifrt—s°’ < 0, then f(x,y) has neither a maximum nor a minimum. 


iv) lfrt—s°? = 0, further considerations are required. 
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Geometrical interpretation of Maxima and Minima 


Geometrically, z = f(x,y) represents a surface. The maximum is a point or the surface (hill 
top) from which the surface descends (comes down) in every direction towards the XY plane (refer 
fig.1). The minimum is the bottom of depression from which the surface ascends (climbs up) in every 
direction (see fig.2). In either case, the tangent plane to the surface is horizontal (parallel to XY 


plane) and perpendicular to z axis). 


7 


Fig.1 Fig.2 


At saddle point f(x,y) is maximum in one direction while minimum in another direction. 
Geometrically such a surface (looks like the leather seat on back of a horse). Fig.3 forms a ridge rising 


in one direction and falling in another direction. 


AZ 


Fig.3 


Example: 


Zz = xy, hyperbolic paraboloid has a saddle point at the origin. 
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Solved problems: 

. . ? 1 , 
1. Find the stationary points of TQ y)= ra —xy 
Solution: 


1 
Given f(x, y)= ria — xy 


f= x-ys fp = -% 
f= f= 0>x-y=0, -x=0 
>x=0 

y=0 


.. The only stationary point is (0,0) 
2. Find the critical points of f(x, y)=x' + y*—2x° +4xy-2y* 
Solution: 

Given, f(x, y)=x* + y*—2x? +4xy-2y’ 

de =4(x° 0b y) a =4(,° +x-y) 

Critical points are the solutions of f, =O & f, =0 

(i.e.) x —x+y=0 (1) 

y+x-y=0 (2) 


Adding these two equations, we get 


Substituting in (1) gives x(x -2)=0 


-x=0,tV2, y=0,FV2 


.. The critical points are (0,0), (9/9 24) 9} & CAD. ye) 


167 


3. Find the extreme values of the function x° + y° —3axy 


Solution: 
Given f(xy) = x+y —3axy 
f, = 3x’ -3ay, f, = 3y° —3ax 
Now f, = Oandf, = 0 
= x =ay. = 0 


y’-ax = 0 


(2) > (2) -ar=0 
a 


=> x(x°-a’) = 0 
>x =0O,a 


When x =0, y=0 


y=a,X=a 


... The two stationary points are (0,0), (a,a) 


Now r=f, = 6x 
s=f, = —3a 
i= Ts = 6y 
At (0,0) 
rt—s’= —9a° <0 
=> There is no extreme value at (0,0) 
At (a,a) 


rt—s = 36a’ —9a° = 27a’ >0 
=> f(x,y) has extreme value at (a,a) 


Now r = 6a 


(1) 
(2) 


lf a>O then r>OSo that f(x,y) has a minimum value at (a,a) 


Minimum value of f(x y) =a+a-3a 


3 
= -a 


lf a<O then r<OSothat res y)has a maximum value at (a,a) 


Maximum value of Ls y) = -a@-a+3a=a 


4) Find the maximum and minima of f (x,y) =x+y 63(x y) t12xy. 


Solution: 


Given f (x, y) a x+y 63(x y) +12xy 
f (x) = 3x°-63+12y, f(y) = 3y’-63+12x 
Forextremum f, = 0, f, = 0 


=> 3x°-634+12y = 0 & 3y’—-634+12x = 0 


=> x +4y = 21 (1) 
=> y+4x = 21 (2) 
Solving (1) & (2) 


x? —y?-4(x-y) = 0 
(x-y) (x+ y-4) = 0 
x=y&xuty=4 (3) 


If x = y, from (1), x°+4x-21 = 0 


(x+7) x-3) = 0 
x = -7,3 
y = -7,3 
Hence stationary points are (-7,-7), (3,3) 


If x+y = 4from (1) 
x’ +4(4—-x) = 21 
=> x°-4x-5 = 0 
=> x= -1,5 


y=5, -1 
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Hence other stationery points are (-1,5), (5, -1) 


Nowr =f, = 6x,5 =f, 


xy 


=12,r=f. = 6y 


yy 
At (-7,-7) 
rt—s° = 36(—7)(-7)-144 
= 1620 
>0 


Also, r = —42 
<0 


Hence f(x,y) has a maximum at (-7,-7) 


Maximum value = ( 7) +( 7) 63( 14)+12(-7)(-7) 


= 784 

At (3,3) 
rt—s° = 180>0 
r= 18 >0 


Hence f(x,y) has a minimum at (3,3) 
Minimum value = —216 
At (-1,5) 
rt—s° = —324<0 
f(x,y) has neither maximum nor minimum at (-1,5) 
.. (-1,5) is a saddle point 
At (5,-1) 
rt—s' = —324<0 


(5,-1) is a saddle point. 


5) Find the extremum points of F(% y) = x*—y*—2x74+2y’. 
Solution: 


Given, f (x y) = x'—y*—2x74+2y’ 


J. = Ax? —4x, f, = —4y?+4y 
Solving f, =O &f, = 0 
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A(x°-x) = 0 & 4(y-y’) = 0 
4x(x7-1) = 0 & 4y(1-y’) = 0 
x =0 (or) +1 &y =0 (or)+1 


.. (0,0), (1,1), (1,-1), (-1,1), (-1,-1), (1,0), (-1,0), (0,1) and (0,-1) are the critical points. 


Nowr = 12x°-4,5 =0,t = ~12y° +4 
Point rt-s? r Nature 
(0,0) <0 - Saddle 
(1,1) <0 - Saddle 
(1,-1) <0 - Saddle 
(-1,1) <0 - Saddle 
(-1,-1) <0 - Saddle 
(1,0) >0 >0 Minimum 
(-1,0) >0 >0 Minimum 
(0,1) >0 <0 Maximum 
(0,-1) >0 <0 Maximum 


.. f(x,y) attains its minimum at (1,0) & (-1,0) and the minimum value is -1 

f(x,y) attains its maximum at (0,1) & (0,-1) and the maximum value is +1. 
6) Examine f 0%: y) Saar (l-x- y) for extreme values. 
Solution: 

Given f (x y) Su ye (1-x- y) 


f, = (l-x-y)3x’y? -— xy? 
f, = 2x°y(l-x-y)-x°y’ 


For Critical points, f. = 0, f, = 0 


i 
(i.e.) xy’ (3(1-x- y)-x) = 0 >4x+3y =3 (1) 
x y(2(1-x-y)-y) = 0=> 2x+3y =2 (2) 
From Equation (1) x =O ory =0 or 4x + 3y =3 
Equation (2) x =Oory=Oor2x+3y=2 
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2. 3 11 
“Th itical int 0,0), 0,—), —,0), eee Senay) 0,1), 1,0 
e critical points are (0,0), ( 3) oi ) G ry, (0,1), 1, 0) 


Now r = 6(1—x—y) xy? -6x°y? 


s=6x°y(1 x y) Dx? y=3x y 
t=2x° (l-x-y)-4x°y 


At (0,0). (0,2), (5, 0),(0,1),(1,0)the value of & =rt=s*=0 


Also r<O 


f(x,y) is maximum at ( Va and the maximum value of 


f(x v=(4y Ky a-%-¥%) 


Tce ape Uncen f(x y) = (x? fe y err? for extremum points which do not lie on the 
circle x? + yo = 1 
Solution: 

Given f (x, y) = (ey jer 


a 8 ee 
i= (x+y )e PTD xe 0? 


25 (1- xy jee 


i = (x+y? Jeo (-2y) 4 Qye) 


= 2y (I-x*-y’ Jerr? 
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Now, f, = Oand f, = 0 


=> 2x(l-x?— ye? = 0&2 yew”) =O 
=>x=0,y=0 & x+y =1 


Since points lying on the circle x° + ae = |should not be considered, (0, 0) is the only stationary 


point. 

Now, 

f= Qe 2x ay ee 

r= f= (2-62? — 2y*)e) 4(2x — 2x? — 2xy*)e” (2x) 
=e (4x4 — 10x? + 4x?y?— 2y? + 2) 

s = f= —Axye OP + (2x — 2x? - Qxy’ Je (-2y) 

=(-8xy + 4x°y + day Jer) 

tse (2 — 2x7 Gy?) +e (2y — 2y x? 2y°) (-2y) 


=e) (2-27 10y*+ 4x7 y? + 4y*) 


&r=2>0 
.. f(x, y) has a minimum value at (0, 0) 


Minimum value = O 


8) Find a point within a triangle such that the sum of the square of its distances from the three 


vertices is a minimum. 


Solution: 


Let (x,,y,),(X,,y,) and (x,,y,) be the vertices of the triangle ABC. Consider a point p(x, y) inside 


the triangle. 


Let aes y) =x +Q- y;)) 
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For a maximum or minimum 


t= Urs =0 
=> 2) &-x,)= 0, 2, 0-¥)= 0 


=> (X-X,) + (KX) +(K-X,) = Oand(y— y,)+(y— y,)+— y3) = 0 
=> 3x=x,+x,+x,and3y=y,+y,+y, 


_ tH tH _ M+ +93 


3 


=>x and y 


=> The extreme may occur at the centroid 


Now r=6s=O0t=6 
Thus rt—s° =36>0 and r>0 


Hence f(x, y) isa minimum at the centroid of the triangle. 


Exercise 


1. Given f,. = 6x, h ie =0, 1 =6y, find the nature of the stationary point (1, 2) of the 


function f (x, y) 


2. What is the relation between a stationary point and extreme point of a function. 
3. Find the stationary points of x7 + y°+6y+12. 

4. Find the critical points of f (% y) =x'+y' —3xy 

5. Find the stationary points of 1% y)= x —xyty’—2x+y 

6. Find the extreme values of hae y)=x" +2x°y—x° +3y* 

7. Find the maxima and minima of race y)=x°y” (12—3x-4y) 

8. Examine the function for extreme values (x y)=xy + a(t + ‘) 

9. Find the saddle points and extreme points of the function xy (3x +2y+ 1) 
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10. Find the maxima and minima of f(x, y) =Sinx+Siny+ Sin(x+y);0<x,y< = 

11. Discuss the maximum and minimum of (x? + y’) pres 

12. Find the extreme values of x°+ y>— 3x —6y —1 

13. Find the maxima and minima of x* + y*— 36xy 

14. Discuss the maxima and minima of x°+ 3xy* — 15x*—15y*+ 72x 

15. Find the maxima and minima of x° + y’— x — 6y +10 

16. Examine for extreme values log (x? +y + 2) 

17. Find the minimum value of the function aes y) Soy ig + xy + ax + by 

18. Discuss the maxima and minima of f (4, y)= xy? (3x+6y +2) 

19. Find the maxima and minima of f(x, y)= x'+ y4 =o ee y) 

20. Examine the maxima and minima of LG y)= 4x ayy 

21. Find the maxima and minima of f (x, y)=(y-2’) (2-x- y) 

22. Discuss the maxima and minima of f (x, yj=x° +y—x-6y +10 

23. Examine for extreme values of u= 2( x= y) —x*- y* 

24. Find the maximum value of the function xye?**?” 

25. Find the maximum and minimum value of and (x, y) = sin x sin y sin (x + y), 
O<x,y<z 

Answers: 

1. Minimum 

3. (0, -3) 

4. (0, 0),(1, 1) 

5. (1, 0) 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


_ +73 -1 
Minimum at} ——,— 
DPA 


Maximum at(2, 1) 


Minimum at (3, 3) 


(0, 0), [=o ; fos are saddle points 
3 2 


The maximum point is (74,74) 


Minimum at (0,0), Minimum value = 0 


Minimum at (-1,0), Minimum value = e* 


(-%.0] is a saddle point. 


(0,0) is a saddle point. 


(0,0) is a saddle point. 


(-3, -3) & (3, 3) give minimum value. 
Minimum at (6,0), Maximum at (4,0) 


(5,1), (5,-1) is a saddle points. 


Minimum at 1 ,2 |, Maximum at 
Na?) 


Ka?) 


(Yan?) &( Yi-v2 | are saddle points. 


Minima at (0, 0) 


Minimum at = ,a— 2) 


13b* +.a° +13ab 
9 


Minimum value = 


Minimum at (K.¥%) 
(0. 4) Saddle point. 


at (0,0) no conclusion. 


176 


19. Maximum at (0,0) 


Minimum at (/2,-v2) & (V2, V2) 


20. Maximum at (0,0), (54,4) is a saddle point. 


21. (1,1) & (-2,4) are saddle points 


(- 4.14) is the maximum point. Minimum at [ Yq?) 
22. Maximum at (- Vig) 


(Vas?) and [VYan?] are saddle points 
23. Maximum at (/2,-v2) & (-V2, V2) 


(0,0) is not an extreme point, Maximum value is 8. 


24. (0,0) is not a extreme point, Maximum value at (4%) 


Maximum value is ve y 
6e 


3/3 
oe 


pass 2m 20 ae 
25. f(x,y) attains minimum value at ( 3°73? and the minimum value is 


CONSTRAINED MAXIMA MINIMA (LAGRANGIAN MULTIPLIER METHOD) 


Suppose we require to find the maximum and minimum value of f (x,y,z) where x,y,z are 


subject to a constraint equation g (% y, z) =0 
We define a function 
F(x,y,z)=f (x,y,z) +48 (x,y,z) (1) 


Where Ais the Lagrange multiplier which is independent of x, y, z 


The necessary conditions for a maximum or minimum are 


0 (2) 
CF (3) 
oy 
oF =0 (a 
Oz 
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Gi sG 
On 


(5) 


Solving the four equations for four unknowns A, x, y, Z we obtain (a y, z) 


1 


1 1 
1. Find the minimum value of x? + y? + z° subject to the condition —+—+—=1 


Solution: 


Let the auxiliary function F be 


Coy 


F(x,y2)e(22+y? +27): if 


a 72 


atu 2(—)-20-4 


x x 
F -ay+i[}-2y-4 
oy y y 
OF —1 —A 
=274 a[ x eRe 5 
Oz x Zz 


For a minimum at (x, y,z)we have 


OF 29-39% J a0 8-4 a-{4 
Ox x 2 2 

i 
OF 3 
—=0>2 =()> ys-> y= 
a y-S y y (5) 


1 
OF A A ANB 
—=0>5 27-5=05 f= > 7z5| = 
ox Zz 2 [ 


From (2), (3) & (4) we get 
Given 


[A2=y=z] 


178 


(2) 


(3) 


(5) 


3=x [i.e. x= 3] 
3 (3,33) is the point where minimum value occur 


The minimum value is 


3° 4+3°4+3°594949 
=27 


2. Find the minimum value of x? + a + z° subject to condition x+ y+ z=3a 


Solution: 
To find the stationary value 


S05 2x4 4-05 2x=-/ (1) 
x 


= 0=92y+=0= 2y=-2 (2) 
1X 


S09 224 =0=922=-/ (3) 
z 


From (2), (3) & (4) we get 


2x=2y=27>x=y=zZ (4) 


Given: x+ y+z=3a 
X+xX4+x=3a [by 4] 
3x=3a 

L=4> Vas -2=a 


(a, a, a) is where minimum value occur. The minimum value is a? +a” +a? =3a" 
3. Find the maximum value of x”.y"z? whenx+y+z=a 
Solution: 

Let f =x" y"z? and g=x+y+z-—a, then the auxiliary function is 


F=f+dAg 
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Stationary points are given by 


0: o 0; = 0and © =0 

mx” y"z? +A=0 (1) 
nx” y"'z? +A=0 (2) 
px"y"z?'+A=0 (3) 
x+ty+z-a=0 (4) 


From (1), (2), (3) we get 


m-l in m.,n-l 


—A=mx" y"z? =nx"y"'z? = px™y"zP 


f attains maximum when 


am an ap 


x= 


> > £ 
mt+n+p mt+n+p mt+n+p 


QP mn” p 


m+n+p 


Maximum value of f = 
(m+n+ p) 


4. Find the maximum volume of the largest rectangular parallelepiped that can be inscribed in an 


2 2 2 

. ., x z 

ellipsoid — + a sz=l 
a bc 


Solution: 
Let the sides of the rectangular parallelepiped be 2x,2y,2z 
Hence the volume v=(2x)(2y)(2z)=8xyz 

Now, we have to maximize V subject to the condition. 
2 2 2 
Me A 
g(x, y,zj=+++5+—5-1=0 

( ) a b’ C 
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2 2 2 
it Pap rag=tyera[ Sete S 1] (1) 
a 


be 
F 
Ea eye SG (2) 
Ox a 
OF y 
—=0>8xz+ =0 3 
Ax ; (3) 
OF =0>8xy+ 249 (4) 
oz c 


—xA 
(2) > 4yz=— 
a 


Multiply by x on both sides, 


2: 


2 
a 


=> 4xyz= 


Bieer cma (5) 


b 


(3) 4xz= 


Multiply by ‘y’ on both sides, 


(6) 


Multiply by ‘Z’ on both sides, 


_ 72 

ie . (7) 
=» LS 
-A c¢ 


From (5) (6) & (7) we get 
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Wien, yee 
ape 
2 2 2 
x Zz 
aa ath say (8) 
x y? 2 
Given: —+->+—=l 
a Bee 
>k+k+k=1 
=> 3k=1 
1 
>k=-— 
3 
6 a 
a x a3 


Similarly yes sat 


a 


boc 
The extremum point is Mie tan 
: ec. B 5] 


“. Maximum volume +) 
33 


6. Find the shortest and longest distance from the point (1,2,-1)to the sphere 


nn ae ; ; F : mae, 
x” + y” +z” =24 using Lagrange’s method of constrained maxima and minima 


Solution: 

Let (x, y, z) be any point on the sphere. Distance of the point (x, y, z) from (1, 2, -1) is given 
by 

d=4(x-1) +(y-2)° +(z41) 


To find the maximum and minimum values of d or equivalently of d” 


d? =(x-1) +(y-2) +(z41)° 


Subject to constraint x* + y* +z” —24=0 


Here f =(x-1) +(y—2)'+(z+1)” and 


gaxrt+y+7°-24 


182 


Auxiliary function F=f+Ag where Ais the Lagrange multiplier. The stationary points of F 


are given by =0; -. =0; -. =0; “ =0 
x y IZ 


(ie)  2(x-1)+2Ax=0 (1) 
2(y-2)+2Ax=0 (2) 
2(z+1)+2Az=0 (3) 
2 2 Qo 
x+y +77 =24 (4) 


From (1), (2) & (3) we get 


When a== the point on the sphere is (2, 4,—2) 


When a=> the point on the sphere is (—2,— 4, 2) 


When the point is (2, 4,2) we get 


d=,(1) +(2) +(-1) =V6 


When the point is (—2,-4,2) we get 


Shortest and longest distances are 6 and 3V6 respectively. 


7. A rectangular box open at the top is to have a volume of 32cc. Find the dimensions of the 


box, that requires the least material for its construction 
Solution: 


Let x, y, z be length, breadth, height of the box 
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Surface area = xy+2yz+2zx 
Volume = x yz = 32 


Let auxiliary function F be 


F (x, y,z)=(xy + 2yz + 2zx)+A(xyz-32) 


Where J is Lagrange multiplier 


OF 4 Sigs 
Ox 


LEG ee ee 
oy 


epg. 2y+Axy 
Oz 


ahs ey ee ne | 
Ox Zz y 

OF fy ioe h ee 2 
oy Z x 

OF 


—=05 2x+2y+Axy=0> Pie, 
oy4 y x 


From (2) & (3) we get 


From (5) & (6) we get x = y = 2z 
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(6) 


(A) 


(B) 


(1) 


(2) 


(3) 


(4) 


(B) Volume = xyz = 32 


Cost minimum when x = 4; y = 4; z = 2. Thus dimensions of the box are [4, 4, 2] 


8. A closed rectangular box is to have one edge equal to twice the other and a constant volume 


72m*. Find the least surface area of the box. 


Solution: Let x, y, 2y be the length, breadth and height of the box respectively 


Surface Area =2(x)+2(y)(2y)+2(x)(2y) 
= 2xy +4y" + 4xy 
=6xy+4y* (A) 


Volume xyz = 72 


(ie) xy(2y)=72 


Qxy? =72 
xy’ =36 (B) 
Let the auxiliary function F be 
F(x, y,z)=(6xy+4y?)+a(ay” - 36) (1) 
Cf aay 
Ox 
Ler 8y+ 2Axy 
oy 
OF _9 
Oz 
ae =>6yt+Ay? =0 
Ox 
-—6y -6 
Aaa (2) 
y y 
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F 
OF 6 6p iRy eo 


_ —6x+8y (3) 
2xy 


A 


From (2) & (3) we get 


6 —(6x+8y) 
y 2xy 
6_ 2(3x+4y) 
y 2xy 
6x=3x+4y 


3 
4y=3x> y=—x 
y y 4 


(B) => xy’ =36 


[22° |=36 
16 
xP =36x- = x =4x16 


x =4xK4x4 
x=4 
3 
=_x4 
2 4 


=> y=3 
.. f is minimum at (4, 3) 


The minimum surface area is =(6)(4)(3) + 4(3) 


= 72+ 36 
=108 
9. Show that, if the perimeter of a triangle is a constant, the triangle has maximum area when 
it is an equilateral 
Solution: 
atb+c 


Perimeter S= 
Area of the triangle =, [s(s—a)(s -b)(s —c) 
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Consider F = s(s—a)(s—b)(s—c)+A(at+b+c-2s) 


F is extremum when, 


da 
<= s(s—a)(s—c)+A=0 
(6) 
r s(s—a)(s—b)+A=0 


“A(s-a)=A(s—b)=A(s-c) 
or s-a=s—b=s-c 


“a=b=c 
The triangle is equilateral. 
10. Show that of all rectangular parallelepiped of given volume, the cube has the least surface area. 
Solution: 
Let x, y, z be the length, breadth, height of the rectangular parallelepiped 
Volume is given as constant 
v=xyz=k(say) 
Surface Area A = 2(xy + yz+ zx) 
To find minimum of A, subject to xyz—k =0 


LetF=f+dAg 


=2(xyt yz+ zx) +A(xyz-k) 
S=2(y+2)+Aye=0 


OF 


=2(x+z)+Axz=0 


—=2(x+y)+Axy=0 
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Solving the three equations we get 
X=Y=Z 
Hence the parallelepiped is a cube. 
11. Find the foot of the perpendicular from the origin on the plane 2x+3y—z—5=0 
Solution: 


Let A be (0, 0, 0). We have to find a point B (x, y,Z) such that the distance d is 


minimum 


AB =d =VJx'+y'+2° 
(ie) f=d?=x'+y?+2z° (A) 
g=2x+3y—z-5=0 (B) 


Let the auxiliary function Fbe F=f+Ag 


(i.e.) F(x, y, z)=(x? by? +27 d’) +A(2x+3y—z—-5) 


For extremum 


OF 95534599 34-25 (2) 


ox 

LE recy ee oe | (3) 
oy 3 

OF 


ra 
7 =0> 2z-A=0>-2z=-A (4) 


2; 
From (2), (3), & (4) we get ae ears 
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(B)  =2(-2z)+3(-3z)-z-5=0 
—4z-9z-z—-5=0 
-—14z =5 
= 
Z=— 
14 


5) 15 
“y= 3) —|=— 
i G 14 


Hence the extremum occurs at x=, 5; Y= 3 Z= 


The required point is (: Ls =). 


> 


7714’ 14 


12. The temperature u(x, y,z) at any point in space is u=400xyz". Find the point on the 


surface of the sphere x + yo + 2 =1 with highest temperature 
Solution: 
Given u= f =400xyz" 
gax+y?+z7-1=0 
Let the auxiliary function Fbe F=f+Ag 
fie) F(xy, z)=(400xyz") + A(x? +y +z -1) 


= 40032" +A(2x) 


OF 
* =400xz? +.4(2 
Ox = (29) 
OF 
—=800xyz+/(2 
On xyz+A(2z) 
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2 
a =0=> 400 yz? + Ade a0 200% =- 4 
Ox x 
OF 200xz" 


—=0=> 400xz? + A2y=0 > ——- =- 
oy y 


S=0 = 8001924 222-0 400xy=- 14 
YG 


From (2) & (3) we get 


200yz" _ 200xz’ 


From (3) & (4) we get 


2 
200xz = 400xy 
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A 


(2) 


(3) 


(4) 


(5) 


(6) 


zZ=t—= 
2 
1 
ip es 
see ao eg 
22° A 2 
1 1 
2 2, 
=x —-Dy=t 
y 4 y 5 


1 1 1 
Subsitute x=—, y=—,z=— in u = 400xyz” 
2 ? 2 2. es 


Maximum temperature is = 50 


13. Assuming the dimensions of a triangle ABC varies show that the maximum value of 
cos Acos BcosC is obtained when the triangle is equilateral using Lagrange’s method of 


multipliers. 


Solution : 
Let f =cos Acos BcosC whereA+B+C=n 
Suppose g=A+B+iC-a 
ConsiderF= f +/Ag 


=cos Acos BcosC +4(A+B+C-z) 


OF OF OF : 

— =—=-——=( gives 

OA OB CC 

OF nai aeeep ene atG 
OA 


OE Jee eee MEO 
OB 


OF Sos wee PIAEO 
oC 
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Hence sin Acos Bcos C=sin Bcos Bcos Ccos A=sin Ccos Acos B=cos Acos Bcos C 


tan A = tan B = tanC 
>A=B=C 


The triangle is equilateral. 


12. Find the dimensions of an open rectangular box of maximum capacity with surface area 432 m’. 


Solution: 
Let x, y, z be the length, breadth, & height of box 
Surface area = xy+2yz+2zx=432 (1) 
Volume = xyz 


Let the auxiliary function F be, 


F (x, y,z)=xyz A(xy + 2yz+2zx 432) 


oF 
Ox 


=¥z+A(y+2z) 


= 2x A(x 2z) 


Hany + A(2442y) 


=0 yz+A(y+2z)=0 


=> yz=-A(yt2z) 
yz 
OT o) 
(+22) (2) 
F=0= zx+A(x+2z)=0 
=> z=-A(x+2z) 


<x — 
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“05 xy+A(2x+2y)=0 
z 


=> xy=-A(2x+2y) 


a ee 
(2x+2y) - 


From (2) & (3) we get 


Yo x 


—(y+2z) -(x+2z) 
x=y (5) 


From (3) & (4) we get 


ax _ OY 
xX+2z 2x+2y 


2x°z+ Qxyz=x’ y + 2xyz 
2z=y (6) 


xy + 2yz+2z7x=432 


(2z)(2z)+2(2z)z+2z(2z)=432 
Az* +427 +47° =432 


1277 =432 


 =36;.z=6 
x=12; y=12;z=6 


Thus the dimensions of the box should be 12, 12 and 6. Maximum volume = 12x12x16 = 864m 


Exercise 
1. Find the maxima and minima of the function f (x, y)=3x" +4y? —xy if 2x+ y=21 
2. Find the maxima and minima if any of the function f (x, y)=12xy -3y? aa” 


Subject to x + y = 16. 


3. Show that the maximum value of x’yz*subject to the constraint 
3 
2 
.{ a 
Payedaai( S| 
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4. Find the minimum value of x? + y? +z”, when (i) xyz=a? and (ii) xy + yzt+ zx=3a7 
5. Show that the minimum value of (ax? +b’y’ +c°z’),when 
1 1141, 
A 4-4 -=His k?(atb+c) 
x y zk 
6. The temperature at any point (x, y, z) is space is given by 7 =k xyz’, where k is constant. 
Find the highest temperature on the surface of the sphere x + y? +27° =a’ 
7. Show that, of all rectangular parallelepipeds with given surface area, the cube has the 
greatest volume 
8. Prove that the rectangular solid of Maximum volume which can be inscribed in a sphere is a 
cube 
9. Find the points on the surface e = xy +1 whose distance from the origin is the least. 
10. Find the point on the surface Zax" + 2 that is nearest to the point (3,- 6,4). 
14, Find the minimum distance from the point (3, 4, 15) to the cone x° + y?=42? 
12. Find the points on the sphere ae y +z” =4 that are closest and farthest from the point 
(3,1,-1) 
Answers 
987 17 
1. acs y)=— attains the minimum at | —,4 
4 2 
2. f (x, y) = 528 attains the maximum at (9,7) 
4. (i) 3a’, (ii) 3a’ 
ka* 
6. = 
8 
9. (0,0, 1) and (0, O, -1) 
10. (1,-2,5) 
11. 125 
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12. Greneiece ce 


JACOBIANS 
Introduction: 


Carl Gustav Jacob Jacobi [10 December 1804-18 February 1851] was a German 
Mathematician, who invented Jacobian determinant formed from the n° differential co-efficients of 
n given functions of nindependent variables. He made fundamental contributions to elliptic 
functions, dynamics, differential equations and number theory. In vector calculus, the Jacobian 


matrix is the matrix of all first order partial derivatives of vector valued function. 


n 


Suppose F': — []" is a function form Euclidean n-space to Euclidean m-space. Such a 


function is given by m real-valued component functions F,(x,,x,...%,), Fy(%).%)...%,) 
F (%,.%,...%,). The partial derivatives of all these functions with respect to the variables 


X,,X>...x, (if they exist) can be organized in mxn matrix, the Jacobian matrix J of F as follows: 


OF, OF, OF, 
OF, OF, OF, 
J=| 0x, OX, Ox 
OF, OF OF 
Oe. rex Ox 


If m=n the Jacobian matrix will be a square matrix and its determinant, a function of x,,x,...x, is 


the Jacobian determinant of F’ 
Geometrical Interpretations of F: 
(i) Area 
(ii) Orientation 


Area: The Jacobian of a matrix allows us to understand the area. When the determinant of the 


Jacobian is not equal to zero, the area is not annihilated but may be enlarged or shrunk. 


Definition: 
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Ou Ou 
If u and v be two continuous functions of two independent variables x and y such that —,—, 


ox Oy 
eu ou 
Ov Ov 
—,— are also continuous in x and y then the determinant Oe OY is called Jacobian of u 
Ox Oy ov Ov 
Ox Ox 
O(u,v u,v 
and v withrespect to x and y. Itis denoted by CE) {4 
O(x, y) x,y 
Note: 
; ; Ou, 
If u,,U,...u, be m continuous functions of n independent variables x,,x,...x, such that a ; 
IX. 


J 


i=1,2,...n are also continuous in x,,x,...x, then the determinant 


Ou, OU, Ou, 
OX 0%, Ox, 
Ou, Ou, ou, 
Ox, a, bx, 


ou, Ou, Ou,, 
Ox, Ox, 


O(u,,U,...u 
is called of Jacobian u,,u,...,u,, with respect to x,,x,...x,. It is denoted by AUT ae 
Os Rishote) 


wake eee 


Kis Meee Ie 


J( 


Properties of Jacobians: 


Olu,¥) OGY) _ 1 
O(x,y) O(u,v) 


1. If uand v are functions of x and y, then 
Proof: 


Solve u= f(x, y)and v= g(x, y) for x and y. Let x= (u,v) and y= y(u,v) 
Then 
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Ou Ox | Ou oy _Ou_, 
Ox Ou Ody Ou Ou 
Ou Ox Ou dy _CUu _ 4 
Ox Ov Oy OV Ov (1) 
Ov ox | ov Oy Ov _ 
Ox Ou Oy Ou Ou 
Ov ox, ov Oh = OVS 
ox dv dy dv dv 
Now 
ou ou Ox Ox 
OU,V) | OY) _ Ox ey! |. |Ou Ov 
O(x,y) O(u,v) |Ov Ov} |ey Oy 
Ox Oy| |Ou Ov 
Ou Ox Ou Oy Ou Ox Ou Oy 
_|éx du dy du ax dv dy dv 
lav ax év Oy Ov Ox Ov oy 
Ox Ou Ody Gu Ox du Ody ou 
» OR (1)] 
= rom 
0 1 
=| 


(2) If u and v are functions of r and s, where r and s are functions of x and y, then 


Olu,v) _ O(u,v) ‘ or, s) 
O(x,y) O(r,s) Ox, y) 


Proof: 


O(u,v) ¢ OWS) | 


O(r,S) 


a(x,y) |v 


au| [ar or 
As] |ax oy 
ov| |ds Os 
és| lax ax 


By rewriting the second determinant, we have 


cu oul |Or Os 
Au,v)  O(r,8) _|Or Os] Jax ex 
O(r,s) O(x,y) |@v Ov} jer Os 
or ds| ley ay 


Ou Or Ou Os Cu Or Ou Os 
Or Ox Os Ox Or dy as dy 
Ov Or Ov Os Ov Cr Ov Os 
Or Ox Os Ox Or’ dy Os dy 


Ou Ou 
je & 
lav av 

ax ay 
_ 0lu,V) 
A(x, y) 


(3) If the function u, v, w of three independent variables x, y, z are not independent, 
then the Jacobian of u, v, w with respect to x, y, z vanishes. 
Proof: 
If u, Vv, andW are not independent variables then there will be a relation F(u,v,w) =O, 
which will connect these dependent variables. 
Differentiating this relation with respect tox, y,and z weget 
OF Ou, OF Ov | OF ow _ 
Ou Ox Ov Ox Ow Ox 
OF ou, OF ov , OF ow = 
Ou Oy Ov Oy Ow Oy 
OF Ou OF Ov OF Ow 
A oon one 


...... OF OF OF O(u,Vv, Ww) 
Eliminating — ,— and — we get ———— = 
Ou OV ow O(x, y, Z) 
Note: 


If the transformations x = x (u, v), y=y (u, v) are made in the double integral [[tc y)dxdy then f(x, 


O(x, y) 


y) = F(u, v) and dxdy = |J| dudv where J = 
O(u,v) 


Worked Example 
O(x, y) . o(r,@) 4 
O(r,@) O(x,y) 


1) If x=rcos@, y=rsin@, then verify that 


Solution: 


Given x=rcos@, y=rsin@ 
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Ox Ox 


A(x,y)_|ér @6|_|cos@ -rsin@ 
o(r,@) i oy oy ~lsin@ rcos@ 
or 00 


= r(cos’ @+sin* 0)=r 


Now r?=x°+y* and @= tan 2) 
x 


ae ji alee Soe a 
Ox ox sr 
pp 
oy oy r 
08 1 aves Yo. Sy 
Ox ys x x+y? r° 
Lees 
x 
a oO x 
Similarly — = — 
oy +r 
Hence 
Or Or x 


A(x,y) |00 06 y 
Ox oy r 


aces a we 

Or.) _ ox dy r r 
x 

r 


x+y rol 

= ——_ 
. O(x, y) r o(r,@) = 1 
O(r,@) (x, y) r 


2. If we transform from three dimensional cartesian co-ordinates (x,y,z) to spherical polar co- 


ordinates (7,0, @), then show that the Jacobian of x, y, z with respect to r,0,@ is r’ sin@ 


Solution: 


The transformation equations are 


x=rsin 0cos @, y=rsin@sing, z=rcosé 
Of 2 aesag ny aay: 
or r or 

OE echeneg OY eeseo ang CE nag Sia) 
00 00 

es paabeing OY pnbeies a6 

Og og og 


Ox Ox Ox 
ar 00 a6 
_ (x,y,z) _|Oy Oy Oy 
“ar,0,@) |ér 00 dd 
Oz Of Oe 
dr 00 O¢ 


sinOcos@ rcos@cos@ —rsinOsing 


=|sinOsing rcosOsing rsin@cos¢d 


cos@ —rsind 0 


= r’[sin@cos ¢(0 + sin? Acos¢) — cos 8 cos (0 — sin A cos 8 cos ¢) 


—sinOsing(—sin’ Osing —cos’ Osing)] 


=r’[sin’ @cos’ ¢+sin @cos* Ocos’ ¢+sin* Osin’ ¢ 


+sin@sin’ dcos’ 6] 


=r’ sin O[(sin’ ¢+cos* ¢)(sin* 0+ cos” 4)] 


=r’ sin 
3. If y, =cos x,, y, =sin x, cos x, and y, = sin x, sin x, cos x,, then show that 
a Jans : 
RAC ALE TEE Lear x, sin’ x, sin x, 
O(% X43) 


Solution: 
Let y, = fi(%)> Yo = fo, %)> V3 = f(%%,%) then 


O01» Ya» Ys) _ OY, Oy, OY 
OAR sXe) TORS OX OX, 


=(—sin x,)(—sin x, sin x,)(—sin x, sin x, sin x, ) 


=—sin’ x, sin’ x, sin x, 


O(u,V) 
o(r,0) 


4. If u=2x, yex-y’, x=cos@ and y=rsin@, then compute 


Solution: 


O(u,V) 7 O(u,v) 7 O(x, y) 
o(r,@) O(x,y) O(7,@) 
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Ou Oul |ax ax 
Ox oy) |ar 30 
Ov Ov! ley oy 
ox Oy! |Or 06 


2y 2x] |jcos@ -rsind 
= x 
2x -—2y| |sinO rcosé 
=-A(x* + y’ )r(cos” 0+sin’ 0) 
=—4r° 
5. If f(0)=0, f'(x)= a f= z; then without integrating prove that 
l+x l+y 
xXx+ 
ror rors :) 
1—xy 
Solution: 
Xx+y 
Let u=f(x)+ f(y) lec a 
ou au 
O(u,v) _|Ox oy (l) 
O(x,y) |Ov Ov 
Ox oy 
Ou 1 ou 1 
—_—_ = XxX a T= — 
Ox Fw 1+x* dy ) 1+y’ 


Ov _l-xy+(x+y)y _ l+y OV 1+x° 
ox (l-xy)’ (l-xy)’ dy d-xyy’ 


Substituting in (1) we have 


O(u,Vv) 
O(x, y) 


= (). Thus there is a relation between Wand v. 


Let u=@(v) then pore for-6{ 2) 


Put y=0, we get f(x)+ f(0)=@(x) 
i.e. f(x) = A(x) 


Hence the function ¢ = f. 


201 


“f+ 409= s{ 22), 


1—xy 
6) Find the Jacobian of y,, y,, y, with respect to x,,x,,x, if y, = XX, y= mci y, = pie 
: x) Xy X3 
Solution: 
Ox, Ox, Ox, 


OCVis Yo2¥s) [Or OV. Oy 
OCs HeX) VOR, “OX OX, 


CX; 0X5. Ox; 
T%9%3 x3 a7) 
Ei xy x 
TH yXy  X3X X3%y 
x, ~X3X; x, 1 
x 2 =—7_2.2 | *2%3 X3% XX, 
0) xy x5 Hy Xy Xs 
g%3 X3% Xo 
a) aa TX 
x3 x3 x 
-1 1 #1 
X55 
ae -l 1/=4. 
12 °"3 1 1 = | 
7) Examine if the following functions are functionally dependent. If they are, find also the 
functional relationship. 
(i) w=sin x+sin™ y;v= x J1— y* + yV1—x* 
(ii) u= yt+z,v=x4+22’,w=x—-4yz—2y’ 
Solution (i): 
ou 1 ou 1 ow_ 1 —xy OV =ay ine 
Ox VJ1—x° Oy l=y? CO Alay Vl-2 OY fly 
1 1 
_ Olu,v) 1-x° 1-y’ -0 
Oxy) | fv os ee a? 
1-x° l-y? 
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..uUandv are functionally dependent. 
Now sinu =sin[sin'' x+sin'' y] 


=sin(sin™' x)cos(sin’' y)+cos(sin’! x)sin(sin”' y) 


= .c08 (cos! yI- y*) +y.c0s( cos"! vI- “) 
=xJ1- y? +yv1- x? 


=v 
. The functional relationship between u and vis sinu =v 


(ii) w= y+z, v=x+2z° w=x- 4yz-2y’ 


Ou ~0: Ov _y ow _y 
Ox Ox Ox 
sO Re Re 
oy oy 
Ou oly Ow 
=] =4 -=-4 
oz Oz : Oz 
1 1 
% OU,V,W) _ 0 4z|=0 
O(x, y, Z) 


1 -4y-4z -4y 
“.u, vand w are functionally dependent. 
Now v- w=2z° +4yz+2y* 
=2(y+z) =2uv? 


.“. The functional relationship among u, v and w is Qu’ =v-w 
8). Show that ax’ +2hxy+by* and Ax’ +2Hxy+By” are independent unless 


Solution: 


Let u=ax’ +2hxy+by’, v=Ax’+2Hxy+By’ 
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u and v are not independent, if there exists a relationship between them and in that case 


should vanish identically. 


2(axt+hy)  2(hx+by)| _ 
'lo(Ax+Hy) 2(Hx+By)| 


i.e. (ax +hy)(Hx + By) - (Ax + Ay)(hx +by) =0 
(aH - Ah)x? +(aB- Ab)xy +(Bh- bH)y* =0 


O(u,v) 
O(x, y) 


Now the variables x and y are independent and as such the co-efficient of x” and y? should vanish 


simultaneously. 


\ aH- Ah=0 or eels and 
A A 
Bh- bH =0 or ee, 
H B 
Hence Las 2 ae are the required conditions. 
A B HA 


9. Express [[] Wave —x— y- 2)dxdydz in terms of u,v,w 


X+yt+Z=uU,y+Z=uUvV,Z=uvww. 
Solution: 


The given transformations are 


xt+ty+z=u (1) 
y+z=uv (2) 
Z=uvw (3) 


Using (3) in (2), we have y=uv(1—w) 
Using (2) in (1), we have x=u(1—v) 


dxdydz= \J | dudvdw where 
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given that 


Ox Ox Ox 
Ou Ov Ow 


a Faby elle i : 
i= (x, y, Z) _ Oy y yl _ vil Ww) u(1— w) —-uvj|= uy (4) 
O(u,v,w) |Ou Ov Ow 
dz az @z| I™ 7 oe 


Ou Ov Ow 


Using (1), (2), (3) and (4) in the given triple integral |, we have 


I= I I } Jubv?w(1— vy — w)(— w)u?vdudvdw 


= {fy pai d_- w)? dudvdw. 


EXERCISE 
7 (a) 9 Vo 
1. If u= = v= y w= find NN). 
You. Sx x-y O(x, y, Z) 
2. If u =X, +X, +X, +X, UU, =X, +X, +X, UU,U, =X, +X,, UU,U,U,=xX, then show 
O(X,,X,,X.,X 
that OE eka hast) Diya, 
OU, ,U,,U;,U,) 
. , O(u,v 
3. If pleiiagy aera eee 
O(x, y) 
u+v.. , O(U,V 
4. fx =uw,y = find (u,v) 
u-v Ox, y) 
sg OCLs 
5. If u=x’- y’, v=2xy find (y) 
O(u,v) 
6. If X, +X, ++, = y, 
Xy be FX, = Vio 
X3 $09 X, = Vi Yoy3 
Xn = ViV293° Vn 
0 ’ gee n-1\ n- 
Then Jnowiha eet yi pi oh Aes aa 
OOM» Vore-s Vn) 
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7. If y, =l- x, y, =x,.- x,), y; =%,x,(1- X3),--+, ¥, =HX-°-X,.,C- x,) then show that 


OO» Vo0--Yn) =(- IW Meee re j 
Os) ree a 


n 


8. If x =u(1+v) and y=v(1+u), find the Jacobian of x, y with respect to u and v. 


(x,y) OUY) _, 


9. If x =u(1- v), y=uv verify that 
7 O(u,v) O(x, y) 
O(u,v 
10. If u=x°, v=y find CE) 
O(x, y) 
&x, y, 29 
11. If x=rcoy , y=rsing , z=zfind Igoe 
'Y 26 
&x,y, 79 
12; Ifu=xyz,v=x°+y°+z,w=xt+y tz, Find] iauamoet 
Swe 
2 _, OF ,G,H) 
13. F=xut+v- y,G=u'+vyt+w, AH = zu- v+vw Find ———— 
O(u, Vv, W) 


ANSWERS 
1 0 
2. x 
2 

4. TE) ; 

(u+v) 

1 

5. 5 5 

A(x" +y") 
10. Axy 
11. r 

-1 

12. 


2(x- y)(y- zZ)(z- x) 


13. xX(vy +1- w)+z- 2uv. 
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Part -—B 


1. If x =acosha cosb , y=asinha sinb_ then show that 
O(x, a 
(~y) = — [cosh 2a - cos2h) 
O(a, PB) 2 
2. If u=x-v)y’, vay- ry’, w=z0- ry? where 7? =x’ +y’?+z" then show 
O(u, Vv, Ww = 
pee J a-Py? 
O(x, y, 2) 
3. Examine the functional dependence of the following functions. If they are dependent find 


the relation between them. 


+ 
i) “=> 2 Gpee a 
x- y (x- y) 
+ 
ii) ice yy stan! x+tan’! y 
I- xy 


ii)  f,=xtytz, fpaxty +2, fy =xytyeter 


iv) ED ee 
X+Z ytz 
v) u=3x+2y- z,v=x- 2y+z,w=x(x+2y- Z) 
vi) U=EX4+V4ZVEX 4 WV 47, wex ty +z - 3xyz 
vii) U=X+Y- 2, VS-X+V+Z, WEX +y’ +27 - Zyz 


vill) w= xy + yzt+2X, VEX +y +2°,wExtytz 


2 3 O(U, Uy ,U;) 1 
4. If u, =%4X,+%,, UU, =X, +X, and u,u, =x, then prove that —~—"—* = - — 
OKs X55%5) U; 


O(u,v) _ yor 


5. fu tv =xt+y, u+v’ =x°+y° then show that = 
O(x,y) 2uv(u—-v) 
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3 bed tt 2 2 ViShee) O(u,Vv, w) 
6. If uw =xyz, -=—+—+-,w =x +y +z then show that ————— 
Vv x 3 Ze O(x, y, Z) 
_V(x- yy - ZK - et yt) 
3u>w(xy + yz+zx) 
7. If u° +VEWHEXty 42° 


UtV 4WEX FyFtz" 
Utv4ew Hx +y' +z 


O(u,v,w) _ 1- A(xy+ yz+zx)+16xyz 
O(x,y,z) 2-3 4° 4+W)427W VW 


Then show that 


Answers: 

3) 

(i) u? =1+4v 

(ii) u=tanv 

(iii) fy. =f, +2f, 
2 1 

(iv) v= ton 


(vi) uw? =3uv - 2w 
(vii) uw? +v? =2w 
(viii) w* =v+2u 
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UNIT — IV — Integral Calculus — SMTA1106 


UNIT-IV 
INTEGRAL CALCULUS 


INTRODUCTION: The integral of the function g(x) with respect to x is the function whose 


derivative with respect to x is g(x) and is written asf g(x)dx. 


: digs: 
Example: { cos x dx = sinx and-— (sinx) = cosx. 


BASIC FORMULAE: 
ie fede (n # —1) 
pa oe 
3. fe*dx=e*+e 
4. fcosxdx = sinx+c 
5. f sinx dx = —cosx +c 
6. fsec?xdx = tanx +c 
7. f cosec*xdx = —cotx +c 
8. f secx tanxdx = secx +c 
9. f cosecxcotx dx = —cosecx +c 


10. f tanxdx = log(secx) +c 

11. f cotxdx = log(sinx) +c 

12. f secxdx = log(secx + tanx) +c 

13. { cosecxdx = log(cosecx — cotx) +c 


14. in + b)"dx = a at 


ene +cif(n #-—1) 


16. jteae = cot *x +c 

ip fax =sin'*x+c 
18. f y= dx = sec 1x +¢ 
2 Tate ator 1 \te 
20. [=> . at) + 


= x = =-log ( + 
one ae = = log (=) + 


a2— sa e 
C 


22: S ex = log|x + x? —a?|+c 
23. Sax = log|x + Vx? + a?| +c 


24. Sax = sin-* (=) 6 
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DEFINITE INTEGRALS 


The definite integral of f(x) between the limits x = a and x = b is defined by 1 f(x)dx = 
[F(x)]a = F(b) — F(a). 


Properties of Definite Integrals: 
b b 
1. J, f@)dx =f, fat 


Proof: fo f@dx = [F(x)]2 = F(b) — F(a) 


b 
[ re@ae = FOR = F®) -F@ 


& [reaax= [roa 


Z fo fodax =— i @dx 


Proof: Consider R.H.S 


a b 
= i feddx = —[F@)1§ = -[F(@) — FO] = FO) = F@ = | fOdde= LHS 


3. fo fodax = J. f@)dx + fo fodax 


Proof: Consider R.H.S 


Cc b 
[ reoaes | f (x)dx = [F(x)]a + [FOI = F(c) — F(@) + F(b) — F(c) 


b 
= F(b) — F(a) = f(x)dx = L.H.S 


4. Jy f dx = ie f(a—x)dx 
Proof: Consider R.H.S J fa —x)dx 
Puta-x=t >-dx=dt > dx=-dt 


Limits: When x =0 >t=a andx=a>t=0 
a 0 a a 
—x)dx = -—dt)=- —dt)= d 
i fla—xdx I f(t)\(-dt) i f(t)\(-dt) i f(tat 


= J, f@ddx =L.H.S (By property (1) 
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5. fo" f@dx — Sy f @)dx + J, f2a —x)dx 
a 2a a 2a 
Proof: Consider J) f(x)dx = J, f(x)dx + Jo f(x)dx 
Put x = 2a — t in the second integral. 


=> dx = —dt When x=a>t=0 andx=2a>t=0 


[ reoar =- [ rea —t)dt = [ rea —t)dt = [ rea — x)dx 
a a ) ) 


2a a a 
fe f@)dx = f(x)dx + i f(2a—x)dx 
0 0 0 
6. (i) If f@a—-x) = f(x),then fo" fax =2 fy f@)dx 
(ii) If f(a — x) = —f (x), then fo" f@dx =0 
Proof: (i ) By property (5 ) fo" fax = fy f@ddx + J, fa —x)dx 
[ reoax+ [ pooar=2 | penax 
(ii ) By property (5 ) fo" f@dx = ie f(x)dx + fy f(2a — x)dx 
a [ree 7 [ree =0 
0 0 
OY [Ef @ddx = 2 Jy f@)ax, if f(x) is an even function. 
(ii) [%, F()dx = 0, if f(x) is an odd function. 
Proof: Suppose f(x) is an even function f(—x) = f(x) 
[o f@)dx = Lf @)ax + fo f)dx 
0 a 
= | f (—x)dx +{ f(x)dx 
-a 0 


Put —x = t in the first integral. 


=> dx = —dt When x=0>t=0 andx=-a>t=a 


= [ roca + [ reoux = [ roa Ss [ reoax = [ reoax of [ reoax 
=2 [ reoax 
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(ii ) Suppose f(x) is an odd function f(—x) = —f(x) 


[_feoex = [_ roou + [ reoax 


= -[ pas + [ reoa 


Put —x = t in the first integral. 


=> dx = —dt When x=O0>t=0 andx=-a>t=a 
0 a a a 
[ rocan+ [ reoax=-[ re@aes | rooae 
= -{ fodax+ [ f(x)dx =0 
0 0 
8. fo f@dx = J? f(at+b—x)dx 
Proof: Consider R.H.S fo fla +b—x)dx 


Puta+b—-—x=t >-—-dx =dt>dx = —-dt 


When x=b>t=a andx=a>t=b 


a b b 
=| rocay =| roan =| redo =LHs 
b a a 


Problemss 
1. Evaluate 
emia : 
(a) | tangsec*t dx 
0 
(b) | tanasec’ a dx 
J—n/4 
Solution 
a/4 ; 
lL. (a) / tana sec? t dr 
JO 
Let u=tanr > du=sece?x dr; r=03u=0, r=—-S3u=1 


n/4 1 271 2 
/ a u l l 
tana sec* t dx u du — —-(Q=+=- 
5) 9 9 
Jo JO Z Io Z ys 
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0 
(b) / tan asec? x dx 
—7/4 


Use the same substitution as in part (a); 2 = — 


T 
474 -l,rx=0>u=-0 


0 0 270 
: 1 l 
/ tanasec’’a dx = / udu = ul =0--=-- 
—x/4 | 2 -1 2 2 


2. Evaluate 


7 
(a) / 3cos*xsina dx 
0 


3a 
(b) 3 cos* x sina dx 
an 


Solution 


“ 
{a) | 3cos* rsinx dr 
Jo 


Let u=cosz > du= —sing dr > —du=sinz dz; r=O0>u=—1, r=r7>u=—-1 
7 -1 
ey ee Oe - ee | ee ee ‘ 

| 3 cos rsinz ax — [ aitda= [| = =(-lP (dy 2 

9 1 

37 
{b) 3cos’xsina dr 
27 

Use the same substitution as in part (a); r= 22 >u=1, r=3r>u=—-1 


3a —l 
| 3cos* xsing dr = : —3u?du = 2 
2a 1 


3. Evaluate 
w/6 
(a) | (1 — cos 3¢) sin 3¢ dé 
0 
wf3 
(b) / (1 — cos 3¢) sin 3¢ dt 
w/6 
Solution 
7/6 
(a) / (1 — cos 3t) sin 3t dt 
0 


| 1 
Let u= 1 —cos3t > du = 8sin3t dt > ilu =sin3t dé; t=0 > u=0, t= => u=1 cos 2] 


r/6 | 2 | 
| 1 fu lia lag 
| (1 — cos 3t) sin 3t dt = au du = ; Gil = gu" ; (0) =7 
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n/3 
(b) / (1 — cos 3¢) sin 3t dl 


7/6 
en . a TT 
Use the same substitution as in part (a); / = 3 SH), t= 3 => 
) e 


u= 1—cos7 = 2 


n/3 2 2 2 
‘ ; : 1 l | ee i ee 
| (1 — cos 3t) sin 3t dt = : sudu = E (5) — —(2)?-=(1)*= 
x/6 13 ¢ 2 1 6 6 


é 


Nile 


4. Evaluate 


. t t 
(a) (2 + tan 5) sec? att 


—n/2 


b m/2 t at q 
(b) (2+t0n 5) sec" 5 t 


—n/2 


Solution 


; 0 t : t 
‘a) 2+ tan 3) zu 


he 
—7/2 


—T 
rif 


L Lott . t 
Let u— 2+ tan 5 => du — 5 Bec” git => 2du — sec? sat; t—_— 


a 2 

L yb aie " 4 
| 2 | tan — } sec” —dt / u (2du) — [-?]? = 3h 8 
=T/2 2 2 1 


mf t 5 t 
'b) (2 + tan 5) sec” — dt 
3 7 


—wf2 


=>u—2-+4 tan (=) 1¢-0> 4 


wneannsd : . —T T : 
Use the same substitution as in part (a); t > =>u-—1,¢t 5 >u=—3 


amt /2 4 
f t t ' 545 F , 4 
/ 24tan—}sec? = dt —2 | udu — [u"]; —3?_1?-8 
=a/2 2 2 Jy . 


5. Evaluate 


(a) on cos z ‘a 
9 V¥44+3sinz 
Tv 


COS 2 


b ———— d 
iP) _7 ¥V44+3sinz ° 


Solution 
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’ cos z 
(a) ————— 
9 vV44+3sinz 


— 1 
Let u = 4+ 3sinz => du = 3cosz dz > —du = cosz dz; z 


tu 


ad COS Z sce | 
Ss — dz = — [|-du }] —0 
9 V4+ 3sin z _ fh MB 
(L Bog 


le ————- dz 
) Jz V44+ 3sin z 


Use the same substitution as in part (a); z= —7 > u=4 | 3sin(-7)=4, z=a7>u=4 


x COS Z 1 a l (; } } , 
[ee SS a — au — 
Jong V4 | 3sinz Ji Vue \38 


6. Evaluate 


37 
a cot? Sas 
_ 6 


Solution 


3a 
o£ 
| cot? —dxr 
= 6 


x i 7 . 
Let u = 6 => du = ge > dy dee co oe SS g2= sn >= 


3a x a/2 nf2 
/ cot? —dr = / 6cot? u du = 6 | 
® 6 m/6 7/6 
W > oo 


f 


7. Evaluate 


1 
: 2¢ sin (1 - x”) dz 


1 


Solution 


1 
/ 27 sin (1 - ") dz 


1 


Let u=1—2?> du = —22 dv > —du=2a¢dr; e=-1>u=0, r=1>u=0 


1 0 
/ 2a sin (1 — 2”) dx = | —sinu du—0 
1 0 
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wl A 


(ese? i 1) du = [6 (— cot u — u)] 


w/6 
nf/2 


8. Evaluate 


3a/4 
: esc zcot z dz 
mf 


Solution 


3a fA 
| ese z cot z dz 
w/a 


i 


3a /4 ‘ 
Let | ese z cot z dz = |— ese 2], 


Jaf 


9. Evaluate 


m/2 
i 5 (sin z)*/? cosa dx 
Jo 


Solution 


m/2 “95 
[ 5 (sina)" cosx dx 
Jo 


Let u = sina => du = cosz dz; x 


a/2 7 l 
: 3/2 ee B/S 
FA 5 (sin) cosa dx = } 5u?/?du = |: 
0 0 


= 2(1)°/* —2(0)°? =2 


10. Evaluate 


i cos * (5) sin (5) dz 


Solution 
27/3 a r 
z cos! (5) sin (5) dx 
‘ 2 2 


x 


Let w= cos ( 
2 


O>u 


=> U = cos 


0 2 
x=0>u=cos i =l1,2= 
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1 ~ 
) =>du= “3 sin 5) dx => —2du = sin ( 
20 


2 


rae 


H 6 


il 
2 


) dx; 


Reduction Formulae: 


i cos" x dz, 
Reduction formula for 


/ cos" x dz, 


can be evaluated by a reduction formula. 


Start by setting: 


= [oo xdzx. Nowre-write as i= [cos xcos x dz, 
Integrating by this substitution: 


cosxdzx = d(sinz), 
i= [cost a(sina). 
Now integrating by parts: 
[eos ada = cos"~' xsin x — [om ax d(cos"~' 2) 


= cos"! zsin z+ (n—1) [sm xcos"* xsin x dz 


= cos"! asin z+ (n—1) [eos x sin? x dx 


cos"! zsin x + (n — 1) | cos"? x(1 — cos? x) dx 


= cos"! rsin x + (n=1) f cos?e dr —(n- 1) [ cos" dz 


= cos"! sin z + (n —1)In-2 — (n— 1), 
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solving for /,: 
I, +(n—1)I, =cos"“'zsinz + (n—1)In-2, 


nI, = cos" '(x)sinz + (n—1)In-2, 
1 te n— 
I, =—cos"'azsinz +——I,_», 
n n 
so the reduction formula is: 


[costzaz = cos"! sin + nae [cost ade 


To supplement the example, the above can be used to evaluate the integral for (say) n = 5; 
I; = / cos’ x dz. 

Calculating lower indices: 
n=5, I;=cos'asine + 4],, 
n=3, Iz =icos’rsinr+ 2h, 

back-substituting: 


oe Is = [ cose dr = sine +, 


iit = cos’ xsinx + 2 sinz + Co, Co = 2, 


a 471 4, 2 - 
Ts = 5 00s sin += [5 cos xsinz+ 3 sine +C, 


where C is a constant. 


Reduction formula for / sin"x dr 


[swede = J snz sin™'2de 


—cosz sin"~'x - [cees2).(n —1)sin"~*2 cos x dr 
(integrating by parts) 


= —cosz sin®~'r + (n=1) [ sinter cos*x dr 


—cosx sin"! + (n—1) [swz —sin?x) dr 
(since cos*x = 1—sin*r) 


= —cosz sin”~'r+ (n—1) f sin*rde _ (x1) f sin”ede. (1) 
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There is now a term in / sin"#da on the right-hand side as well as on the 
left-hand side. Bringing these terms together on the left-hand side, (1) becomes 


s.n—2, 


nf sin”edz = —cosz sin” 'r + (n—1) [sin xdx 


1 —1 Py 
*, [swear — > cosa sin” !a + {n = tf sin Fafa (2) 


We shall now establish a quick method to evaluate 
2 
i sin™ x dx ard ag cos" x dx, r EN 


consider I, = a sin™ x dx 
2 
= ig sin™! (x) dx- sin x dx 


mf2. ‘ 
= sin™! x. sinx dx 


Integrating by parts, we get 
™T 
" 2 
l= [Gin?-*x (cos x)? — [o — 1) (sin"~*x )(cos x)(—cos x)dx 
7 0 
2 
=(0-0)+ [o — 1) (sin™ *x )cos*xdx 
0 


= (n—1) | (sin™”*x )(1 — sin*x) dx 


os 


=(n-1) sin”-*x dx — | sin™x dx 


os 
os 


In = (n- 1)Un-2 = Tas 
ie, 1 +(n-1))I, = (n-1)In-2 
ie., nl, = (n-1)In-2 


ie.,Iy =I, -2 


Thus the power of sin x reduces from n to (n - 2 ). We can continue this process 
till the power reduces to zero or one. 
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Consider 1) gi sin®x dx 


[+ [* sin? x de | 


Siw Slw Alw op 
Ni 
> 
v 
— 


#2 


@  [” sin? x ax 


= sin x dx 
5 0 
a ie |= 1? sin x a | 
5 T.: 
= se Ey poe 
a 
4 2 
=—.—[-0+1] 
> 3 
_4 2 
5 3 
In generalif 'n'is even. 
f2 nx _ wll n -3 n-5 
(1) ig sin® @)dx = S—— x 22> x So5 
x x5 x™% 
If 'n' 1s odd 
af2 on _a-l n-3 n-5 
(2) py sin’ (x) dk = a <7 & 
2 
x x= 
3 


Theseformulas also holds for i cos™ (x) dx 


These formulas have been given by © Walli ° Hence they are known as Walli’s 
reduction formulas. 
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J sin ”xcos”"x ax 
Reduction formula for ° 


; ee [{m-1)(m-3)(m-5) ...5.3.1][(n-1)(n-3)(n-5) ...5.3.1]f 2 
[om xcos"x ax eee aN Bimeacdyos SL S) ttntmecnon 


[ (-1)(m-3)(m-5) .. (2ort) ][[n-1)(n-3)(n-5) .. (2ort) ] ae 
(m+n) (m+n-2)}(m+n-4).. [Zor] 


Problems 


Integrate J = / (sec x)" da 
Try integration by parts with 


u = (seca)"~? v=taner 


du = (n — 2)(secr)"~* secxtana dx dv = sec? xdx 


We get 


[= [ove a)" dx = ic dv = uv — [eau 


= tan «(sec r)"~? — [oan x)(n — 2)(sec x)"~* see x tan x dr 
= tan 2(sec.x)"~? — (n — 2) / (sec r)"~? tan? x dx 

= tan (sec x)"~? — (n — 2) [ice r)"~? (see? « — 1) dix 

= tan r(sec r)"~? — (n — 2) [ie x)" — (sec a)"~? dx 


= tan (sec «)"~? + (n — 2) [ice x)" dx — (n—2)+I 
Solving for /: 
(n — 2)1 +1 =tanx(secxr)"~* + (n — 2) [cen ae 


or 
(n — 1)] = tan x(sec r)"~? + (n — 2) [oe ry"? dx 


Dividing by n gives the 


—2 
Reduction Formula: / (seca)" da = tan (sec )"~? + : f (sec r)"~* dx 


1 
n-1 n—-1 
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Exponential integral 
Another typical example is: 


i z"e™ dr. 


Start by setting: 


| pee da. 


Integrating by substitution: 
d( grt 1 ) 


z"dz = 


Now integrating by parts: 
fe d(z"*?) = grti_par _ ca d(e*) 
= g™tlear _ pers dx 


(n+1)I, = 2" e™ — alas, 
shifting indices back by 1 (son + 1+ n,n—n—1): 
nIn_1 = zr"e™ — aly, 


solving for In: 


Le ee xe 
In = = (x e* —nIn_-1), 


so the reduction formula is: 


poe dz = . (a — n fate ar) : 
a 


TEXT / REFERENCE BOOKS 
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UNIT — V— Multiple Calculus —-SMTA1106 


UNIT 5 
MULTIPLE INTEGRALS 


Multiple Integrals 


The principle of integration were formulated independently by Isaac Newton and 
Gollfried Leibnitz in the late 17th century. Through the fundamental theorem of calculus, 
which they independently developed, integration is connected with differentation. 


If f is a continuous real valued function defined on a closed interval [a,b] then once an 
anti-derivative F' of f is known, the definite integral of f over that interval is given by 


[ fQddx= FO)-F@ 


The integral of the function f(x) over the range x = a to x = b gives the area under the 
curve between theordinates x = a and x = b 


Integrals and derivatives become the basic tools of calculus with numerous 
applications in Science and Engineering. 


The multiple integral is a generalisation of definite integral to functions of more than 
one real variable, for example f(x,y) or f(x, y,z). Integrals of a function of two variables over a 
region R’ are called double integrals. Integrals of a function of three variables over a region R 
are called triple integrals. 


Double Integrals: 


Let f(x,y) be a continuous and single valued function of x and y within some region R 
and on its boundary.Let the region R be subdivided into n sub-regions of areas 


OA, , 0A,.......0A, .Let (x,,y,) be any point inside the sub-region of area dA, and consider the 
sum 


» fy, 6A, 
r=1 
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The limit of this sum as n—ooand 5A, > 0(r =1,2........ n) 1s defined as the double 
integral of f(x,y)over the region R. 


Thus [f f(x, ydA= tt > f(x,,y,) 0A, 


Suppose the region R is divided into rectangular partitions by a network of lines 
parallel to the coordinate axes, the integral {J f(x, y)dA is written as {| T(x, y Jdxdy 
R 


y=d x=9,(y) 
Consider the double integral | | Ff (x, y) dxdy 


yao x=9(y) 


The region of integration is bounded by the lines y = c, y= d, c < dand the curves x 


= d(y), x = &(y), Ai~y) < &(y) which is shown below. 
The region ABCD is kno 


wn as the region of integration of the given double integral 


x=b y=)(x) 
Consider the double integral | | Ft (x, y) dydx 


xa y=4\(x) 


{= 20) 
Dl. 


The region of integration is bounded by the lines x = a, x = b, a < b and curves 
y= (x), y = d(x), &(x) < &() which is shown below. 


The region of integration is the region ABCD 
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d 


b 
To evaluate | | Ft (x, y) dxdy 


y=c x=a 


The above illustration gives order in which integrations are performed. 


Evaluation of double integral: 


To evaluate i Ft (x, y)dxdy= i | Ft (x, y) dxdy 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


um 4 
If x,,x,,¥,, >. are constants, then 


y2 


Thus, | f fx y)dxdy = f i I (x, y) dxdy 


“uoo%4 


If x), x2 are functions of y, let x; = ¢ (y), x2 = &(y) and yj, y2 are constants 
then, 


Y2 $(y) 
Jf fey dxdy= ff fla y)dxdy 
A vy ACY) 
If yi, y2 are functions of x, let y, =¢(x), y, =¢,(x), and x1, x2 are constants 
then, 


X P(x) 


[J fey dxdy= [J Fee y)dydx 


x A(x) 


If f(x, y) = 1, then the double integral {I dxdy gives the area of the region A. 
A 


To evaluate f | I (, y) dxdy= j | Sx, ie dy. we integrate 
J, y) with respect of x, treating y as a constant, and then the resultant 
function of y is integrated with respect to y. 
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Sketch roughly the region of integration for the following double integrals. 
b a 


() ff fly dxdy 


—b -a 


i= j f f(x, Pia 


y=—-b 


x=-a 


The region of integration bounded by lines x =-a, x = a, y = -b, y = b and is shown in 
Fig. 1 


Fig.1 


@) | f Fesydray 


0 0 


r= | | peso 


a= 


Fig. 2 


The region of integration bounded by lines x = 0, x = J, y = 0, y = x is shown in Fig. 


@ JI 


2 


2 
xy 
zi dxdy 

+ 


x y 
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x=0 


| wi poses] 


The region of integration bounded by aie x=0, 
ig 
x=a,y=0,y =Va*—x° (ie) x° + y’ =a’ is shown in Fig. 
3. 
5 eo» 
4 ff fay)dxdy 
0 0 


a 
ey) 


J f@y)ax |dy 
x=0 


10) = 


The region of integration bounded by x =0, aa . =l,y=0,y=b is shown in 
a 


Fig. 4 
a Va—x? 
6) J f fey ddr 
0 a-x + 


a | Veo? 
I= | ii Hoon is 


x=0 Fig. 5 


y x 


The region of integration bounded by x =0, x =a, x +y =a, x + y =a’ is shown in Fig. 5 


Double integrals with constant limits : 
2 1 
(6) Evaluate ) [ 4aydxay 
0 0 


Solution: 


iz j of] ii=| 2y(1—0)dy 


0 0 


2 y) 2 
a 2] ry =| =4-0=4 
0 


0 
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(7) Evaluate f { 
1 1 


Solution 


= iff iy] “flog x} dy 


1 


b b 
= [ 84=18l ay —logal @ (- log =0) 
1 y 1 y 


= logallog y} = logallogb — log! 


= logalogb 


22: 
(8) Evaluate i i} (x? + y*)dxdy 


0 ol 


Solution 


Let J = 


Cte 


| (x? + sas 


1 


[Bad] -[2+3|-§ 
Bi Sila le= Sli as 
(9) Evaluate | | sin(6 + ¢)dad¢ 


0 0 


Solution 


| b=0 
Let [= | | sin(0+¢)d0 \d¢ 


0 0 
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m/2 


=— | [cos(0+ 9), d¢ 


ml2 


=— | (sing+cos¢)d¢ 


= [-cosd+sin gf” 


= (0+1)—(-1+0) 
—2 


Double Integrals with variable limits: 
1 x 
(10) Evaluate | | dxdy 
0 0 


Solution 


wat-{ [foe 


0 0 


Here, innermost limits are in terms of x, therefore they are limits of y and outermost 


limits are those of x. 


1 ve 
11) Evaluate | [ y(e+Ddxdy 
0 x 


Solution 


a ee ke if a ee | Je) 
=| 4 _ dx= = 7 
a ee 3 6 2,4), 3) 7 OL? Jo 


1°93 1 9141698 Oo 3 


Se ~ 168 
ees Mee 168 168 56 


12) Evaluate 


Solution: 


mele ee ae -1{ “t ayy 
= 70h {fr (2) | a 


= 42 —[[atan\()]-2108(16+ yy 


= 1-2[log32—log16] 


32 
= 7 —2log| — 
a oo 22] 
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14) 


l+y 
1 | 1 «x ] 
————]} tan” ————— dy 
2 2 
ah Jl+y , 


Hloglt+ J2)-log!| 


= “ log(l+ V2) (- log] =0) 


a Vax? 
Evaluate } J Va =a = 3 dede 


0 0 


Solution 
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oes 


I 
Cohn 


-(£ Jam (1) -ols 


= = F(a? ~ x \ix= 2 @s-2] 


0 4 3 0 
7 a) 3 @ |__| 2a*|__ na’ 
4 3 4| 3 6 
xz sind 
15) Evaluate [ | rdrdO 
0 0 
Solution 
a |sn@ n r sin 0 
Let I= dd=| |— dé 
iL bet [5] 


= : X Suez 0 ae ( sin2z =sin0=0) 
2 4 
16) Find the limits of integration in the double integral [[ f(x, y)dxdy,R lies in 
R 
the first quadrant and boundedby the following curves. 


i) x=0,y=0,x+ y=1 


To find the Limits of x: Put y=Oinx+ y=1 
x=1 
Limits of x:0>51 


232 


To find the Limits of y: x+ y=1> y=1-x 


Limits of 


y:0>1-x 


The region of integration in bounded by x =0,x =1, y=Oand y=1-x 


ii) 


Since R lies in the first quadrant, y = eae ate. 
a 


Excercise 


1) Evaluate 


2) Evaluate 


Thus {I f (x, y)dxdy 


ff Fouyyerar 


x=0 y=0 
2, 2 


x 
x=0,y=0, =+—= 
? aa 


To find the Limits of x: 


2 2 
Put y=Oin ~+2,=1 
a 


b? 
=a 
x=ta 
Since R lies in the first quadrant x=a 
Limits of x:0 >a 
2 y? 
To find the Limits of y : From —~ +=, =1 
b 
2 2 
1-5 
b a 
2 
2 2 2 
y =z -x) 
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{ i (x? + 3xy’)dydx Ans : 
0 0 

a vay 

| | xydxdy Ans : 
0 0 


2 x+2 
3) Evaluate [ [ (x+ y)dydx Ans: 12 
0 2 
1-y? 
Pe dd 1 
4) Evaluate | | y Ans: — 
0 0 1- x _ y 4 
Dx 
5) Evaluate i [eM dyax Ans:e°-1 
0 


0 


6) Evaluate rsin@ cos@ drd@ ~Ans:0 


oy 
Comes 


a(l-cos0) 


i 3 
7) Evaluate } i 2nr°sinOdrdO Ans: =“ 
0 0 
az a(l+cos0) 5a°x 
8) Evaluate | | r’ cos OdrdO Ans: 6 
0 0 
m/2 2cos0 1 
9) Evaluate | | rcos 0drd@ Ans: 5 
0 0 
mI12 1 
10 Evaluate drd@ Ans :—~ 
) J J rt+a _ 4a’ 


CHANGE OF ORDER OF INTEGRATION 


In calculus, interchange of the order of integration is a methodology that tranforms 
iterated integrals offunctions into other hopefully simpler integrals by changing the order in 
which integrations are performed.In a double integral if the limits of the integration are 
constants, then the order of the integration isimmaterial, provided the limits of integration are 
changed accordingly. Thus, 


[ [ fonsaray=f f fon sayae 


But if the limits of the integration are variables the change of order of integration, 
change the limits ofintegration. While doing so, sometimes it is required to split up the region 
of integration and the given integralis expressed as the sum of a number of double integrals 
with changed limits. To fix up the new limits, it isalways advisable to draw a rough sketch of 
the region of integration. 
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Region of Integration and change of order: 


d th) 
Consider the double integral | | dxdy . In this integral x varies from ¢;(y) to ¢o(y) 
e AG) 
and y varies frome to d. (ie) & (vy) <x < bo(y) &c<y<d 


The above intequalities determine a region in the XOY plane whose boundaries are 
the curves x = ¢ (y) and x = ¢(y) along with the boundaries of the lines y = c, y = d. This 
region of integration is shown as follows. 


The region ABCD is known as the region of integration of the given double integral. 


After changing the order the region ABCD has the boundaries a y = )(x), 
y = (x) with the lines x = a, x = b which is shown in the following figure. 


Problems 
1) Change the order of integration and compare the results after evaluating it with the 
givenorder. 


i f (x? + y’)dxdy 
1 


0 


2 1 
Solution: Let J =| | (x? + y*)dxdy 


1 0 
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==-S=5 (1) 


Now let us change the order of integration and then evaluate it. 


2 


I= f } (x? + y?)dydx) 


1 


3 
7 Pee 
= | [2+ Zar=[ +200) 
i) a 3B 
17 8 
3: 3° 3 ®) 


Since (1) = (2), the change of order of the integral will not affect its solution. 


Note: 


If the limits of the integral are constants the order of the integration is immaterial 
provided the relevant limits are taken for the concerned variable and the integrand is 


continuous in the region of integration. This results hold for a triple integral also. 
(2) Change the order of integration and then evaluate 
L Vix 


| | y’dydx 


0 0 
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Solution: 


The region is bounded by the lines y =0, y = Vix or (y? +x’ = 1) (ie) 
The region of integration is the unit circle centred at the origin. The other boundaries are 
represented by x= 0, x = 1. The line x = 0 represents the y axis. Hence the region of 
integration is the +ve quadrant of the unit circle which is plotted in the following figure. 


1 vi-x? 


T= | y’dydx 


0 0 


After changing the order, the integration is with respect to x first. The region is 
covered by horizontal stip. The end points of the horizontal strip gives the limits along the x - 
direction. 


As one end of the Horizontal strip lies on the circle. We have from the circle 


v=1l-yorx=+,/l-y’ 


The limits of x are x = 0, x=,/1—y” 


The number of Horizontal strips used to cover the region determines the limits along 
the y direction. Hence y varies from 0 to 1. 


1 ley’ 


Bae | =| | y’dxdy 


0 0 


j vat” dy 


0 


1 

J v’yl-y?ay 

0 

Let y = sin 0, dy = cos 0d0 the limits becomes # = 0 to & 


2 


2a7 


ml2 
oo | sin’@V1—sin? 6 cos @d@ 


0 


m/2 
= | sin’ @cos* 0d@ 
0 


[: | sin” Acos" 6d _ [(m—1)(n—3)...1][@m—DCm—3)... 1] 3 *) 
0 [((m+n)(m+n-—2)...] 2 


m, n are even 


3) Change the order of integration and evaluate 


4 2 


| | (x? + y*)dxdy 
1 yy 


Solution 


The region is bounded by the lines x = Jy (or x” = y) and x = 2. This region is 
plotted in the following figure. 


After changing the order, the integration is with respect to y first. Hence the region of 
integration is covered by vertical strips. 


The limits of y arey = 1 &y=x° 
Hence 


x 


2 
I | | (x° + y*)dydx (After changing the order) 
0 


32 ae $-2)-(3 on a-3) 
+ + 
5 3-5) 5 21 3 3 
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_ 1026 
105 


a a d d 
4) Change the order of integration in | } a 
0 


—_——— and then evaluate it 
y x+y? 7 


Solution : 


The region of integration is bounded by the lines x= y,x =aand y =0, y=a.The 
sketch of the boundaries of the region is given in the figure. 


After changing the order, the integration is with respect to y first. 
The limits of y are y = 0 and y = x. The limits of x are x = 0 andx =a 


a x 


te r= ff ee 


a [4 y? 


= { thosly+ Jy? + Jax «fe roele te?) 
0 x +a 


-| sfloex tx? 4x? |. loelyx? Jax 


0 


=i xflog(x+ 2x)—log x dx 


0 


= { xflog(t + J2)e —log xfix 


= { X: og MA 


0 


i= f rlog(l+ V2 ax 


0 


= logll + 2)f xdx 


0 


= log(I+ Als) 


a 


0 
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= © tog(t+v2) 


= 


4 
5) Change the order of integration in } 
0 


a/R 


Solution: 


The region of integration is bounded by the 
2 
curve y= 7 and y= 2x. (ie) the parabolas x’ =4 y 
and y~ =4x which is shown inthe figure. 


The points of intersection of the two parabolas are 
obtained bysolving the equations. 


x’ =Ayand y’ =4x 


4 
x 


~_=4x=> x*-64x=0 
16 


x(x° — 64) =0 
x=Oorx =64 
x64>x=4 
When x=0,y=0 


x=4,y=4 


dydx and then evaluate it. 


The points of intersection are O(0,0) and A(4,4). After changing the order the given 


integral is 
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i 
es 
is 

1) 
S 
- 
| 
a |< 
iY 
S 


[Po been 


oo ae 
7 a ) oo” 


4 16 

= —(8)—-— 
3) 3 

_ 32_16_16 
3 3 3 


6) By changing the order of integration, prove that 


o y 


} } jo ais ! 


0 0 2 
Proof: 


The region of integration is bounded by the lines x =0,x = y, y=Oand y=oo. The 
region of integrationis the infinite triangular region AOB which is shown in the figure. 


After changing the order, the integration is with respect to y first. Hence the region of 
integration iscovered by vertical strips. 


The limits of y are y= xfto y=, The limits of x are x =0 tox= to 


Hence 


y 


{ J ye" dxdy=| f rer 
0 0 O x 


=| i oa Jas 


x 


xy 
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1* eh : 
=) V dx 


| —x(e~ -—e“*)dx 


0 


foe) 


x xe dk (.: c= 0) 


alt 


e* 
—l 


= sxe" -e li 
1 

= 9-0) 

or 

“2 


2 4x 
7) Change the order of integration in| | (x+ y)dydx and hence evaluate it. 
1 0 


Solution: 


The region of integration is bounded by the curves x = 1, x = 2, y= 0 and 
y=4- x’. The region ofintegration is shown in the figure. 


After changing the order, the integration is with respect to x first. Hence the region of 
integration is covered by Horizontal strips. The limits of x are x = 1, 


x=./4-y. 
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Hence 


8) 


The limits of y are y =0, y =3. 


2 


J 


1 


4 


2 
—XxX 
0 


Change the order of integration in 


3. V4-y 


(x+ y)dydx= | | (x+ y)dxdy 


2 2 
3 
= | 2a 4—y |dy 
m2 al 
3y 3y?) | 
ay ee +{ yJ4-ydy Put ft =4-y 
2 ho Jar 
y=4-0° 
2tdt = —dy 
When y=0,t=2, 
y=3.t=1 


0 2 


J +f @-ev2a 


2\3 1 
3) ue! tf (-87? +204 ar 
2 4 
0 2 
a3 3 5\! 
_ (3y | [e 2) 
a 3 wy 
512 2) {S42 24S) 
2 4 3° 5 5° 5 
_ 29 34 128 
4 15 15 
_ 241 
60 


| 


0 


a -y 


2 


Ja’ —x° — y’dxdy and evaluate it. 


Solution 


The region of integration is bounded by the curves x = 0, x = ,ja’—y” , y=0 and 


y =a. The region of integration is the +ve quadrant of the circle of radius ‘a’ which is plotted 
in the figure. 


When we change the order of integration, we first integrate with respect to y, keeping 
x constant.Hence the region of integration is covered by vertical strips. 


The limits of y are y = 0, y= Va’ —x° , thelimits of x are x = 0, x =a. 


2f f Va? =x =y dudy = { (fe — yaya 
0 0 0 0 
a 2 ae — 
= J 3 (a —x°)y° (s as Jon al dx 


= { a’ = sin | (l)dx (.- sin'0= 0) 


I 

| 
— 

Q 

| 

be 
nN 

S 


3 a 
= {ats-2) dx 
4 0 
3 
1 3 a 
= —|| a —-— |-(0 
_ a 
6 
a 2a 
9) Change the order of integration and hence evaluate the integral } | xydxdy 
0 2Jxy 


Solution: 


The region of integration is bounded by the curves x = 2,/ay ,x = 2a, y =Oand 
y =a. This region isplotted in the following figure. 
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After changing the order, the integration is with respect to y first keeping x as 
constant. Hence the regionof integration is covered by vertical strips. 


2 


The limits of y are y =0 and y = = The limits of x are x =O and x =2a 
a 
2a c 


| i xydxdy = [ | xydydx 
0 2Jay 0 0 


a 


1 2-y 
Change the order of integration in | | xydxdy and hence evaluate it. 
0 y 


10) 


Solution: 


The region of integration is bounded by x =y, x =2 - y, y =0 and y =1 which is shown 
in the figure. 
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When we change the order of integration, we first integrate with respect to y keeping 
x as constant. When the region of integration is covered by vertical strip, it does not intersect 
the region of integration in the same fashion. Hence the region AOAB is splitted into two 
subregions AOAC and ACAB. Hence 


il xydxy = {J aydydx++ I xydydx 
OAB OAC CAB 


1 2-y 1 


| J svdvdy= | 


x 
0 0 0 


~{ (Zand (ze 


0 


nydyde+ | ii xydydx 
1 


y 0 


| 
— 
x, 
Ss 
+ 
wey 
S 
a 
i) 
ta 
S 
Q 


1 


1{1 16 32 1 4 
= +) 8+— = =| 25 se 
2| 4 4 =| 4 ‘I 


1/1 32) (2443-16 
=—|—4+/12- - 
2/4 =| 12 | 
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11) Change the order of integration in| dydxand hence evaluate it. 


1 ia 
Se gf OR oe ve 


Solution: 


The region of integration is bounded by the curves y =x, y=V2—x°,x=Oanx = 1. 
The region ofintegration is a sector AOB which is shown in the figure. 


When we change the order of integration, we first integrate with respect to ‘x’ 
keeping y constant. So,when the region of integration is covered by horizontal strip, it does 
not intersect the region of integration inthe same fashion. Hence the sector AOB is splitted 
into two subregions OAC and ACB. 


Hence = I mag Lr cereaa ma 
1 y ie W2 y2-y" i 
= —————— dxd ————— dxd 
ee ee 
4 \2 2 V2 l 2-9? 
Mitel {Poe 


247 


-yj- 
V2 
a 2a-x 
12) Change the order of integration in | } xydydx and then evaluate it. 
0 x? 
Solution: 
a 2a-x 
Let I =| J xydydx 
0 x 


The region of integration is bounded by the 
2 


2 
curves y=—orx =ay, 
a 


x €¢ 


y=2a—xorx+y=2ax=0, and x=ais plotted 
in the following figure. 
After changing the order, the integration is with respect to x first. When we draw lines 
parallel to the x axis to evaluate the limits of the inner integral it does not intersect the region 


of integration in the samefashion. Hence the region is divided into two subregions OAE and 
EAD. 


Hence J = | xydydx+ i xydydx 


OAE EAD 
a Jay 2a 2a-y 
=| | xydxdy+ | | xydxdy 
0 0 a 0 


(The co-ordinates of A is obtained by solving the equations x+ y =2aand x* = ay) 
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Exercise: 


I 


1) 


2) 


II 


3) 


4) 


Change the order of Integration in the following integrals. 


y 


| 


Oo 


0 


a x vay 2a ra 2a-y 
=) ay = d 
J { 2 : : J f 2 3 


1 ee 
HG | Seas | IOa= aay 


3\4 2a 
= =] +5] y(4a? —4ay+ y? dy 


2a 


= gO +5] (4a —4ay? + yay 


“4 y? y? y' 2a 
=—+—| 4a*—-4a—+ 
6 2 \ 


a*(4+72-112+45) 9a* _3a* 
24 24 «8 


Ff (x, y)dxdy Ans: 


1 2Vx 
| | f (x, y)dydx Ans: 


1-x 


[ flsydydx 


0 


Oty 


f(x, y)dxdy 


SO ey 1 
s/ a 


Change the order of integration and hence evaluate the following integrals. 


a 


x 


Os 


! 


x+y? 


} “dvds 


xdxdy 


2 
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Ans: | 


5) 


6) 


7) 


8) 


9) 


10) 


11) 


12) 


13) 


14) 


15) 


16) 


V4-x 


oy Cote en re) 
a Sey rs e 
— 


Cohan 
oy 
ie) 
is) 


(x+ y)dydx 
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Ans: 


Ans :—* 


Ans: : 
2. 


Ans 


Ans: 


Ans: 


Ans: 


Ans: 


Ans: 


Ans: 


Ans: te 


:8log2 


17) ) } ge ak Ans :e? -1 
0 0 
al YY a?—x? 
18) J J x’°dydx Ans :a°b 
. 16 
al ax’ a 
19 .dxd Ans :— 
1 yley? 
20) | | 3ydxdy Ans : 2 
0 -f1-y? 


Change of variables from cartesian to polar co-ordinates 


The evaluation of a double or a triple integral sometimes becomes easier when we 
transform the given variables into new variables. 


In R’ , if the domain has a circular symmetry and the function has some particular 
characteristics one can apply the transformation to polar co-ordinates, which means that the 
point P(x,y) in cartesian coordinates switch to their respective points in polar co-ordinates, 
that allows one to change the shape of the domain and simplify the operations. 


The polar co-ordinates r and Oare defined by x =r cos, y = r sinO 


Y Q 
y sf 
Pa . ok B ieee BS orp acaepnalllamneavenies 
ps PAY wal a(r6) 
oy Lo 
: ge a O}-+-+-----24 aah eae 
# >X ° = b *. 


2a) 


Transformation from cartesian to polar co-ordinates 


Then on substituting for x and y, the double integral il f (x, y)dxdy is transformed to 
T 


il f (rcos@,rsin@) | J|drd@ where J(r,@) is the jacobian of (x,y) with respect to (7, 0). 
U 


Ox Ox 
. dr 0€@| \cos@ —rsin@ 
ie, J= = li.. = 
oy Oy sinO rcos@ 
or 00 


Therefore dxdy =| J | d@dr = rd@dr 


2a V2a-x? 
1) By changing to polar coordinates, find the value of the integral } | (x? + y*)dydx 
0 


0 


Solution 
The region of integration is bounded by x =0,x =2a, y=0 and y= ~v2ax- a 

Take y= V2ax-x° 

y? =2ax-x? 
x+y? —2ax=0 (1) 


The polar coordinates are x =rcos@, y=rsin@ and dxdy=rdrd@ 


The polar equation of the circle x’ + y’ —2ax =0 is 

r’ cos’ 0 +r’ sin’? 0 —2arcos@ =0 
=> r° —2arcos@ =0 
=>r=2acosé 


The region of integration is bouned by 


0=0,0=—,, r =Oand r = 2acos0@ 


22 


2acos0 


a (cos? 0+sin* 0 \rdrdO 


ll 
Ot 


I 
oman /s 
—s 
ae 
~ 
Q 
S 


r 4 2acos0 
z dO 


0 


I 
SAN IA 
=| 


77 4 
=f (2acos@) -0 (0 
OL 4 
a 44 4 
= | 2° a’ cos 8 10 
7 4 


ll 
COm—AN |S 

i 
nN 
Q 
- 

fe) 

° 

n 

ES 

S 

S 


4 a/l2 _ _ 
rr. 3 la 32a (n—-1)(n 3)..1 7 


—xX—— = i | cos" 06d0 = if nis even 
n(n—2)...2 2 


By changing into polar coordinates, evaluate 


j a xdxdy 
x+y’ 
Solution : 


2 Qx-x? 


Given i ; = 5 dxdy 
0 0 xt y 
2 V2x-x? 
ie, I =| } 3 x dydx [Standard form] 
a @ eee 


The region of integration is bounded by x =0,x = 2, y =Oand y = V2x—x° 


Take y=V2x-x’ 
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x+y’ -2x=0 
In this region the polar equation of the circle is 


(rcos6) +(rsin@) —2rcosd =0 


=>r=2cos0 


“ os 
eam Since x=rcos0 
oO 7 
ail Boa y=rsin@ 
Polar form dxdy = rdrd@ 


In polar co-ordinates the same region is bounded by the curves 


r= 0,7 = 2c0s0,0= 0,0 => 


2 Pes? rcos@ 
r=| ——~ rdrd 
—_— (rcos@) +(rsin@) 
= 2cosO 2 
=f f TS irae 
0 0 r 


r 
= i) cos6[r "dé 
0 


cos6[2cos6 — 0|d6 


Il 
Osan | ys 


= ni 2_F | cos” 6d6 = (n-D)(n—3)...1 7 
Ze 2 MAD iad 2 
3) Transform the integral into polar co-ordinates and hence evaluate 


a va> 


J [i + y’dydx 
0 


0 
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Solution 


The region of integration is bounded by 
y=0,y=va’ —x’,x=Oandx=a 
ie, y=0,x° + y’ =a’,x=Oandx=a 


(ie) The given region is a quadrant of the circle v+y=a 


Cartesian form 


In this region the polar equation of the circle is 


(rcosOy) +(rsin6y =a’ >r? =a >r=a 


Polar Form 


In polar co-ordinate the same region is bounded by the curve 


a ya? —x* : a 
r=0,r=a,0=Oand =~ i) i) Vx +y?dydx=[ | rrdrdo 
0 0 0 0 
a “| a La 
=| |—| da=—loR 
Is ]' 
a on ma 
= —_— X— = 
3 2 6 


pe) 


dxdy over the annular region between the circles ay a0 


4. Evaluate i 9 5 
x + 
and x° + y =b’ (b> a) by transforming into polar co-ordinates. 
Solution 
Putting x =rcos0, y=rsin@ the given circles becomes 
¥+y=a>r' cos’ O+r'sin’ O=a’ 
Sf =0 S7=4 
¥V+ty=P>r=b’>r=b 
and@ varies from 0 to 27 


In polar coordinates the annular region is bounded by the curves 
r=a,r=b,0=O0and0=2n 


22 


i] aw f 


b 
Ja cos OF sin. 0 ted (dxdy = rdrd0) 


r’cos’O+r° sin’ @ 


2a 


J 
4 b 
= J cos’ @sin” (=) d@ 
4 a 
3) % 
}s | cos? Asin? Ad0 
4 


S 
0 


r° cos’ Osin’ @drd@ 


se 


A caghy ee 
EE) as 
% 
[ sin” dcos" 40 = [a n-3).....3-A] [=n —3)....3.1] | 
(m+n)(m+n—2).....3.1 9 


0 
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5) 


where m & n are even 


WT i4 4 
=—(b _— 
16° a’) 


aoa > 
Evaluate by changing to polars, the integral J J Oey 

oS | x2 4 y? 
Solution 


The region of integration is bounded by y=0, y=a,x = yandx=a 


Let us transform this integral into polar co-ordinates by taking 


x=rcos0@, y =rsinO@,dxdy = rdrdé 


In polar co-ordinates the given region of integration is bounded by the curves 


r=0,r=asec0,0 = Oand 0= 


rm asec @ 2 2 
I =| a rdrd@ 
0) (0 J (rcos 0) +(rsind) 


asecO 3 2 
f r’ cos 8 ardd 


ll 
otal 


Il 
Ch—aals 
a 
Q 
jn) 


asec 0 


r° cos’ @drdO 


II 
Ct AIS 


3 asec O 
| do 
3 


Il 
Oma 
| 

QO 
ie) 
n 
tN 
jen) 
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= i secOd0 


3 = 
= [log (sec@ + tan 6] 


= “fos (2 + i)- log (1+ 0)| 


2 “floalv2 +1)-0] 


Z “tog(V2 +1) 
Exercise: 
1) Evaluate | ie (x? + y? \dydx 
0 
2) Eealanic | i ay dxdy 
py ety 
m7 


3) Evaluate 


Cotas 


J @y+y*)dxay 
0 


dxdy 


Nv a-x? 
4) Evaluate ee 
J 2 (a’ = x ~ y’) 


Oey 


ax-X 


x’ dxdy 
y (x? + yy? 


5) Evaluate 


Coy 


6) Evaluate i) i) eo dxdy 
0 


y 
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Ans: 


Ans :8 


Ans: 


Ans: 


Ans: 


Ans: 


7) 


8) 


Evaluate {J (x? + y*)dydx over the circle x? + y? =a’ 


4 
a 


Ans : z— 
4 


dxdy 


e+ y? a? 


Evaluate i dxdy taken over the circle x + yr =] 


Area Using Double Integral 


1) 


2 2 


Find the Area enclosed by the ellipse = + u 
a 


he 


Solution: 


From the equation of the ellipse, we have 


So, the region of integration R can be considered as the area bounded by 
x =—aand x= ag de —x’ and y= La —x? 
a a 


Area = il dydx=4x Area in first quadrant 
R 


oe-~ 
= af ; J dydx 
0 0 
a 
= 4| ‘ | dydx 
0 0 
= 4 [Lyle dx 
0 
At a’ — x" dx 


Il 
& 
81S 
eT | 
Nw | & 
S 
Ne 
be 
N 
+ 
Ww] 8, 
ee 
B, 
—S~ 
als 
jr 2 
o g 


29 


= #l0-o £{Z-0} 


= mab square units. 


2) Find the area enclosed by the parabola a = 4ax,x— axis and the latus rectum of the 
parabola 

Solution: 

Given the area is enclosed by y’ =4ax (1) 


x —axis(y = 0) and the 

Lactus rectum of (1) 

ie,xX=a 

Points of intersection of (1) & (2) 
is (a,2a),(a—2a) 


Therefore the region of integration R can be considered as the area bounded by 


x=0,x=a, y=—vV4ax and y =~V4ax 


Area = il dxdy 

R 
a V4ax 

2 | > 
x=0 y=V/4ax 
a | V4ax 

= 2] | ivi 
0 0 


= 2f J4axdx 
0 


a 


oJ 
% 0 


2vaal dx =AJa 
8Ja( x 
0) 


2 
a : 
3 square units. 
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3) Find the area in the first quadrant included between the parabola x =l6y, y—axis 
and the line y = 2. 


Solution : 


The area in the first quadrant is enclosed by 


x’ =l6y (1) 
yH2 (2) 
and x = 0(y—axis) (3) 


Points of intersection of (1) & (2) is 
(-42,2)& (4V2,2) 


Therefore the region of integration R is considered as the area bounded by 
2 


x=0,1=4V2,y= and y=2 


Area = il dxdy 

R 
4/2 2 

=f | f ala 
x=0 yet 
4v2 

= | lyf. ax 
0g 
4/2 2 

= 2S Ja 
x=0 1 


Il 
[r-— =i 
& 
| 
alo 
w |, 
[|| 
aS 
Sy 


= W3]2-Z 160) 
48 


+a|2-5| 


16/2 


= a Square units. 


4) Find the area of the circle x° + y” =r’ lies in the positive quadrant 
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Solution 


The circle lies in the first quadrant is bounded by x =0, y=0,x° + y? =r 


ty 


Yy 
VA 


Therefore, the region of integration R can be considered as the area bounded by 


x=0,x=r,y=Oand y=vr’ -x’ 


Area = il dxdy 
R 
- { | fale 
x=0] y=0 
Area = i be dx 
x=0 


Il 
ue, + 
S 
Nv 
i 
4 
Nv 
= 


= ar square units. 


5) Find the area of the region R bounded by the parabola y = x° and x = y” 
Solution: 


Area = il dxdy 
R 
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Region of integration is bounded by 


2 


y=x (1) & 
x=y (2) 
From (1) & (2) 
y=") 
= yl-y’)=0 
=>y=0,y=1 


The points of intersection are (0, 0) & (1, 1) therefore, the region of integration can be 
considered as the area bounded by x =0,x=1, y = x°and y= vx 


me | [fol 


x=0 y=x? 


Il 
—y 
2 
| 
be 

N 
to 


7 5| 28” -2'] 
3 


0 


1 
=; 2a-0)-a-0)] 


1 
= a es: 


6) Find the area of the cardioids r = a(1+cos6) 


Solution 


Area = il dxdy 
R 


= [[rarao 
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Given r=a(1+cos@) 
Limits 
r:0—>a(.+cos8) 


0.0522 ys 


t=a(1+cos 6 ) 


22 a(l+cos) ae [2 a(1+cos 9) 
Area = | | rdrd0 = | =] do 


0 0 0 0 


2 @ 
a 2 
= =I (1+ cos@) dO 


(0) 


=a i (1 +2cos0+ cos” o\a0 
0 


dé 


I 
Q 


a) [14 20080418522) 
0 


= a’ g+2sind+>[ 0+ am) 
L 2 2 0 


Sa (2-0)+20-0)+4] (x-0)+ 50-0)] 


ie) 
— 


3 : 
=a |a+—2 |= or Square units. 


Find the area inside the circle r= asin @ and outside the cardioid r = a(1—cos 6) 


Solution 

Given r=asin@ ee (1) 
r=a(l1—cos6@) ee (2) 

Limits 


r:a(1—cos@)—> asin@ 
6:03 
2 


Area = il rdrd@ 
R 
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’ asin 0 
7 } | rdrd@ 
0 


a(1-cos 0) 


2 asin 0 
4 dO 
2 a(1-cos @) 
1 2 
= a la? sin’ 6-a*(1-cos6) [10 
0 


TT 


1 2 
=; a’|sin? 9—1+ 2cos0—cos” 010 


0 


es 

= Al [-cos20-1+ 2cos6|d0 
0 

Pe . 7 
=e} ee 0-+2sind) 

Z| 2 ; 
_#| lo_g- 4 4 | e000) 
a2 2 a 

2 
a 242) 

2\ 2 


] (4-2) Squareunits. 


8) Find the area of the region outside the inner circle r =2cosOand inside the outer circle 
r =4cos0 

Solution: 

Given r=2cos0 (1) 

ie, r = 4cos0 (2) 

From (1) & (2) 


r:2cos0 > 4cos@ 


6:052 
2 
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7 3 ye 4cos0 

2 a 

= if |(4cosay - (2cos0)’ hia 
0 


5 5 
= 12) cos” ado = 12) eoent do 
0 ) 


Z oy9.4 nme | 
2 


0 


= eo} z0-9) 


Area = 3m square units. 


Exercise: 


1) Find the area bounded by the circle aes y =a’ and the line x+ y=4 in the first 


quadrant 
a’ 
Ans :—\(z -2 
“(n-2) 
2) Find the area which lies inside the circle r=3acos@ and outside the cardioid 
r=a(1+cos@) 
Ans : 7a* 
3) Find the area enclosed by the curve y’ =4ax and the lines x+ y=3a and x-axis 
2 
A. 10a 
3 
4) Find the area enclosed by the lines x =0, y =0, a = =1 
a 
Ans ace 
2 
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5) Find the area in the first quadrant bounded by the x-axis and the curves 
x? + y? =10, 7? =9x 


6) Find the area enclosed by the parabola Ve =(4-.x) and the x-axis. 


7) Find the area bounded by the lines x =0, y=0,5y =3 and the curve x + y =] 
Ans : i: + Dane (1) 
25 2 


8) Find the area bounded by the parabolas y> =4—xand y* =4-4x 
Ans : 8. 
TRIPLE INTEGRAL 


Triple integral is defined similar to that of double integral. The general form of the 


22 2 %2 


triple integral is | | | f (x, y, z)dxdydz 


4 Mu 4 


To evaluate the triple integral, first we integrate f (x, y, z) with respect to x keeping y and z as 
constant and substitute the limits x; and x,which will be either constants or functions of y 
and z. Next we integrate the resulting function of y and z with respect to y keeping z as 
constant and substitute the limits y, and y.which will be either constants or functions of 
z.Finally we integrate the resulting function of z with respect to z and substitute the limits 
zjand zwhich will be constants. 


ef 


To evaluate | f { I(x, y, z)dxdydz 


z=0 y=0 x=0 


The order in which the integrations are performed is illustrated as follows. 
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i 


Problems based on triple integration 


c ob 
1. Evaluate J 
0 0 


J xyzdxdydz 
0 


Solution: 


(jl 


1 2 3 
2. Evaluate | | | (x+ y+ z)dzdydx 
0 0 0 
Solution: 


La 1=| (x+ y+ z)dzdydx 


N | oO 


| j (0+ y}+2 fra 


268 


1 2 1 
=| (646+ 9)ur~{ Ss ss| seis 
0 


1 
Evaluate } log : af x) 
0 


dx 
nae 
Solution: 


bic 


Let [ =( } } (x? fery? + 2° \dxdydz 
0 


0 0 


[ 3 


oa yxt+z2x| dydz 
L 3 x=0 


O ey 


[3 


b 
(; Ce cf 
wll 


Hl 
SO Cee 


= + + 
eee aaa el 
_ abc* _acb’ , bea 
a a 
abc 


= a +b? +07] 


1 x Jxty 
Evaluate J ) i zdzdydx 
0 0 0 


Solution 


1 


Let J = { i) zdzdydx 
0 


0 0 


x+y 
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lox Poovey 
| dydx 


0 


2j { 22 olavas 
0 0 


| (x4 y)dydx 


Il 
Nile 
ote 

o—, 


log2 x x+tlog y 
Evaluate J = } | } edzdydx 
0 0 


0 


Solution: 


= { i le?*e”y eve” liydx -- ees y| 
0 0 
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log 2 


( le** (ye? 23 )e eve’ | dx [vera = ye? -e°| 
0 


log 2 


} le" (xe* - gt) ee — (e?* (O-1)- e* )fax 


0 


log 2 


| le* (x-1)-e* +e" +e" jax 


0 


log 2 


} le*(x +)+e ux 


i 3x ne log 2 
= («-1)=-@ 5 ve] (By Bernoullis formula) 
0 
[ 3x 3x log 2 
| ae ee ve] 
9 0 
i eibe2 log? ( 11 
= || (log2—-1 pee ahaa 
[Gos2-9 = - SF +e ]-(Cng J 


hy log 23 log 2° _ 
= || (log2 Ss = re | (+ +1) 


I 
— 
{o) 
ga 
N 
+ 
f— 8 
N 
| 
oe) 
| 
— 
ioe) 
| 
Nn 
be 


a= 


Evaluate J 


t—_- 


i=) 


Solution: 
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1 


Given J j 
y 


0 , 


x 


J xdxdydz (not in standard form) 
0 


1-x 


1 
J J xdzdxdy (Standard form) 
yy 0 


J Gz) ydxdy 


y 


1 


= [ xd-xdxdy 


5 ge Ni 
_ ue VE esa 
6 2x5 Se T} 


ce eee Sees 
6 10 21 
ont 
35 
7% asin 0 (a?-r)/a 
Evaluate ) J ) rdzdrd@ 
0 0 0 
Solution 


% asin 9 (a?-r?)/a 
rdzdrd@ 


0 0 


asin 0 


% : 2 2 
ie do@ i) dr|rz aa 
0 0 
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Il 
— 
Q 
d 
8 
s 
~ 
a 
8 
ie) 
| 
SY 
Q 
= 


/2 22 vi asinO 
| ($ ror ) 
, ay 2 4 , 


% 40:02 4:4 
-f 4s sin’@ a’ sin °\t0 


2 4 


% 
« f (2 sin’ @—sin* o\d0 
0 


_@|[,12 312 
A a oD 


_ San 
64 
dzdydx : : : 
8. Evaluate Ways eeD? over the region of integration bounded by the planes 
(xt y+z+l)° 


Pe ee re ee 
Solution 


The given region is a tetrahedron. The projection of the given region in the xy plane is 
a triangle bounded by the line x =0, y=Oand x+ y=1 as shown in figure. 


Here xvaries fromx=Otox=1 
y var ies from y =Oto y=1-—x 


zvaries fromz =Otoz=1-—x-y 


il; ___dzdydx _ eI j 


(x+y+z+1) 


z 


——— dzdyd 
» (xty+z+l) aki 


} . (x tyre + 1) dzdydx 
0 


"| (x+y tz4l)> ne dydx 
_9 y 


I 
en 
— 


0 


= 1 f l(x+ yt1—x—y4l)?-(v+ y+ 041)" fava 
0 
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ll 
| 
[Re 
L 
—= 
iW) 
eal 
— 
= 
oe 
< 
+ 
=. 
& 
eS 


25 0 
_oty ) _(xt+y+I) | « 
25 (-]) 0) 
Le Vex : - 
= (2)? a-2)4 (x4 1-24 -0- (41) fx 
1/4 x) 1 
— 1 +] 
sal: ) 2% lost | 
1/1 1) 1 
= ——|—|1-— |4—-log2-(0+0-log1 
sl ;| 2° ( oe ] 
= e335 1o22+0| 
5\4. 9 3 


_ 5 eS? | - 


1 
log2 
5 3 ab 8log2| 


1 
(aie 6 
TA og 2-5) 


9. Evaluate ffi ee = = 3 over the first octant of the sphere x + y? +7 =a 
a 


Solution 


The projection of the given region in the x y plane (z =0) is the region of the circle 


x+y =a lying in the first quadrant which is shown in the figure. 


‘. In the region x varies from 0 to a. For a fixed x, y varies from 0 to Va? — x*. Fora 


fixed (x, y),z varies from 0 to Cae = y. 


a va a Oy a =x" -y? 
= - dzdydx 
I) Te 1 i J (ex aa = 


oo 


a a -x? 2: 2 2 
sin| V2 ~*~» sin”'(0) |dydx 
2 J | | Pe Apa? 


[sin (1) —sin™ (0) aya 


ll 
— 
o> 


2: 2 
ae 5 sin'[ 2] Vara? -Ssin(0)-0] 


[peed 
a © sin“) +0—-0 
pate 


2, a0 0a 
GED, 8 


10. Evaluate ull xyzdxdydz whereV is the region of space inside the tetrahedron bounded 
Vv 


cee | 
Cc 


by the planes x=0,y=0,2=Oand = ++ 
a 


Solution 
The projection of the given region in the xy-plane is the triangle bounded by the lines 


x =0, y=0 and az =1 as shown in the figure 
a 


2495 


Here 


y varies from y =O to y=b 1-2); varies from z= 0 toz=c 
a 


ail 


x varies from x =O tox=a 


-2-2) 
a b 


noo 


xyzdxdydz= | | 
0 


Qa 

= —f Ee pS paw iak 
2% eB: A 
2.24 4 

- FS f 1-2) a 
24 5 a 
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Exercise 

1. Evaluate 
2s Evaluate 
3. Evaluate 
4. Evaluate 
5. Evaluate 
6. Evaluate 
Ts Evaluate 
8. Evaluate 
9. Evaluate 


10. Evaluate 


SO ey tr he TS) es Eat SO ey Seats See OS eee Oty 
ote 


—y 


pew 


abe [2-2] 
24. [5 6 


a be 
720 


| e“dzdydx 
0 


Ans : (e’ ~1)(e’ ~1(e -1) 


1 1 
} | (xy + yz + zx) dxdydz 
0 0 


ey dxdydz 
J J 1—x? =, y? _ 2 
ij i e‘dxdydz 


j i xy zdzdydx 
1 1 


vxty 
i) zdzdydx 


0 0 


& 


{ f xyzdzdydx 
0 0 


j i xy zdzdydx 
1 1 


1-x (x+y)? 


| xdzdydx 


} [ xxdedydx 
ye 0 
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Ans: 


Ans: 


Ans: 


Ans 


Ans: 


Ans: 


Ans: 


Ans: 


Ans: 


Nil 


: 26 


14 


26 


ie 
25 


2.0)" 5 -Slog3| 


11. 


12. 


13: 


14. 


ay 


16. 


17. 


18. 


1g: 


Evaluate If) = NEE where V is the region enclosed by the planes 
(x+ y+2z+1)’ 


x=0,y=0,z=Oandx+y+z=1 Ans :—flog3~I] 


Evaluate ff (x+ y+z)dxdydz where the region V is bounded by 
4 


x+y+z=a(a>0),x=0,y=0,z=0 Ans: 
‘ [2x2 [a?—x2—-y? ad 

Evaluate ) xdxdydz Ans :—— 
0 0 0 16 
a l-x xty 

Evaluate | } } e*'dxdydz Ans : 5 
0 0 0 


Evaluate fff l—x° — y’ —z*dxdydz where V is the volume of the sphere 
Vv 


2. 
yey at? sl Ans : = 


Evaluate fff = — ss over the sphere x + y +2 =a 


etyee? 


ay? 
Ans : 4a 
Bli-~ | cl1-2-* 
Pe Oring) 
Evaluate J | } x’ yzdzdydx Ans : ore 


0 0 
. 2 2. 2 eae 
Find the value of ffl xye(x +y° +z Jdxdydz taken over the positive octant for 


8 
which x* + a 2° Sa" Ans a 


Evaluate ff xyzdxdydz over the region of integration bounded by x, y,z 20 and 


x+y 472° <9 
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Volume using Triple Integrals 


1. Find the volume of the region bounded by the surfaces y’ = 4ax and x’ = 4ay and the 
plane z= 0 and z=3 


Solution: 
y’ = 4ax (1) 
x” =4ay (2) 


Solving (1) & (2) 


2 2 
=) = 4ax 
4a 


=> x*-64a*x =0 


=> x(x*° - 64a*) =0 
=> x=0,x =64a° 
x=0,x=4a 

4a V4ax 3 


Required volume = | | | dzdydx 
xr 0 


0 


; 3 
3 J4a daV4a _ (4a) 
A 12a 


—0 
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ee s 


= 16a* Cubic units 


Find the volume of the sphere x + a +z° =a’ without transformation. 
Solution 


V = 8 x volume in the first octant 


z varies from z=O0toz= Ja’ —x°-y* 


y varies from y=0 toy = Va* —x° 
x varies from x =Otox=a 


a Va—vfar—x—-y? 
“Vee | i) i dzdydx 


0 0 0 


a Vax? 
asf PEN a 


0 0 


a Vv ax 


= 8] J Va? -x -y’dydx 


a Dad 


Z sin (1) + ofa 
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oe 3 a 
7 x 
=27\ a 4] 


3 3 3 Arn? 
=t4|a°-$ |= 3 = |- = cubic units 


3. Evaluate If dxdydz, where V is the volume of the tetrahedron whose vertices are (0, 
Vv 
0, 0), (O, 1, 0), (1, 0, 0) and (0, 0, 1). 
Solution 


Now the plane through the points (0, 1, 0), (1, 0, 0) and (0, 0, 1) is 
x+y+z=1 


If we first integrate w.r.t ‘x’ then its limits are 0 and 1 — (y + z) 
If the second integration is w.r.t. ‘y’, its limits are 0 and 1 — z. 


Finally, the limits of integration for z are 0 and 1. 


y- 


ii dcdyde= | f 7 ore 
Vv 0 0 0 


i [I- y-zldydz 
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{p28 2 bod | 
2 3 2x3(-1)), 


=F ant ia 1 
3} 6 3 6 
= ciate = if cubic units 


6 
2 2 2 
4. Find the volume of that portion of the ellipsoid — + 2 +—=1 which lies in the 
a c 


first octant using triple integration. 
Solution 
2 
(1) 


2 2 

, XxX z 

Given So sh 
a b c¢ 


Volume = Mn} dzdydx 
To find x limit put y=Oand z=0 we get (line integral) 


2 


x 
d)=> ; =l1> =a >x=+a 
a 


ie,x=0 tox=a_ (‘. first octant area) 


To find y limit put z = 0 we get (surface integral) 


x y 
Y= tra! 

y x 
rs 
=e -#(1-4| 

a 
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2 
ie, y=0, y=), jl — ae (‘. first octant area) 
a 


To find z limit [volume integral] 


2 y? 2 
ee go gage 
2. Ds 2 
_ y 
ee 1 2 b? 
x? yo 
2 2 
oa -5-3) 
2, 2 
y 
2 2, 
1e, z=0toz=c,/l-- 
a 
b 6 eae 
q a a b 
volume= | | | dzdydx 
0 0 


I 
> tees 
> 
ee 
a 
1 
NX 
— 
os 
Tr 
a4 
1] he 
| 
BIS 
| te 
Q 
& 
S 
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ll 
Sls 
ee Ea 


Il 
S19 
SO ees 


mbc “) 
S| fe 
4 3 
_ mbc 2a _ mabe 
4 6 


Hence the volume of the ellipsoid 


Vee 5 mabe cubic units. 
Ds Find by triple integral the volume of the tetrahedron bounded by the planes x = 0, y= 
0, z=0 and iW wa ele 
abe 


Solution: 


The projection of the given region of the xy plane is the triangle bounded by the lines 


x=0,y=0, and 5 
a 


=. 
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In this region x varies from 0 to a. For fixed x, y varies from 0 to [1 — =, For 
a 


fixed (x, y), z varies from 0 to [ 32 a 
a 


v= II) dxdydz 


7 { | { dzdydx 


0 0 0 


a (1-4) ef 1-2 
= ff ai Dayas 


= O- — ne cubic units. 
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6) Evaluate If dxdydz, where V is the finite region of space (tetrahedron) formed by 
4 

the planes x = 0, y = 0, z = 0 and 2x + 3y + 4z= 12 

Solution: 


The projection of the given region on the xy plane is the triangle bounded by the lines 
x=0,y=0 and 2x+3y=12. 


In this region x varies from 0 to 6. For fixed x, y varies from 0 to 32 —2x). For 


fixed (x, y), z varies from 0 to - (12—2x-3y), 


1 


1 
: 7(12-24) (12-24-39) 


“fH dxdyde= | i) J dzdydx 


0 


1 
6 312-2) 


1 , 
7 f j er y) avd 
0 


0 


A: 3(12-2x) 
= i | (12—2x—3y)dydx 


0 0 


5 3(I2-24) 
(12-2x)y 3S | dx 


0 


(12~23)5 (02-24) 3212-24) fa 
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_ al 


4 6| 3x(-2) 


0 


3 3 
| 02 | Beas =12 cubic units. 


Exercise: 


1. Find the volume of the region bounded by the surface y = x,x= iv and the 
planes z= 0, z=3 


Ans: | 
D Find the volume of the solid bounded by the surface x = 0, y= 0,x +y+2z= 1 and 
z=0 
Ans = 
6 


3. Evaluate il dxdydz, where V is the region of space bounded by 


x+y? +77 =9 


Ans eels 
3 
4. Find the volume of the solid in the first octant bounded by the planes 
x=0,y=0,z=0,x+2y+z-6=0 
Ans: 18 
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